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Introduction 



The aim of this work is to study the ring-theoretic properties of the diagonals 
of a Rees algebra, which from a geometric point of view are the homogeneous 
coordinate rings of embeddings of blow-ups of projective varieties along a 
subvariety. First we are going to introduce the subject and the main problems. 
After that we shall review the known results about these problems, and finally 
we will give a summary of the contents and results obtained in this work. 

Let A be a noetherian graded algebra generated over a field k by 
homogeneous elements of degree 1, that is, A has a presentation A = 
k[Xi, . . . ,X n ]/K = k[x\, . . . ,x n ], where K is a homogeneous ideal of the 
polynomial ring k[Xi, . . . ,X n ] with the usual grading. Given a homogeneous 
ideal / of A, let X be the projective variety obtained by blowing-up the 
projective scheme Y = Proj (A) along the sheaf of ideals 1 = 1, that is, 
X = Vroj(@ n>0 I n ). For a given c £ Z, let us denote by I c the c-graded 
component of /. If / is generated by forms of degree less or equal than d, then 
(I e ) c corresponds to a complete linear system on X very ample for c > de + 1 
which embeds X in a projective space X = Proj (k[(I e ) c ]) C P^ -1 , with 
N = dim k (r) c [CH, Lemma 1.1]. 

Our main purpose is to study the arithmetic properties of the fe-algebras 
k[(I e ) c ], where c, e are positive integers and / is any homogeneous ideal of A. 
This problem was first started in the work by A. Gimigliano [Gi], A. Geramita 
and A. Gimigliano [GG], and A. Geramita, A. Gimigliano and B. Harbourne 
[GGH] who treated similar problems for the rational projective surfaces which 
arise as embeddings of blow-ups of a projective plane at a set of distinct points. 

Let k be an algebraically closed field and s = d > 2. In [Gi] the 

particular case of the blow-up of P| at a set of s different points P\, . . . ,P S 
which do not lie on a curve of degree d—1 and such that there is no subset of 
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d points on a line (if d > 3) is studied in detail. In this case, the defining ideal 
I of the set of points is generated by forms of degree d and the rational maps 
defined by the linear systems I c give embeddings of the blow-up for c > d. In 
the case c = d the surface obtained is called White Surface, and for c = d + 1 
Room Surface. It is then shown that White surfaces are contained in P^ as 
surfaces of degree (2) with defining ideal generated by the maximal minors of 
a 3 x d matrix of linear forms. In particular, k[Id] is Cohen-Macaulay and it 
has a resolution given by the Eagon-Northcott complex [Gi, Proposition 1.1]. 
On the other hand, Room Surfaces are arithmetically Cohen-Macaulay [GG, 
Theorem B] with defining ideal generated by quadrics [GG, Theorem 1.2]. 

This detailed study of White and Room Surfaces is the first step to consider 
the following more general case. Let Pi, . . . , P s be s distinct points in P|, with 
k an algebraically closed field, let / be its defining ideal and d = reg (I) the 
regularity of I. Assume that the points do not lie on a curve of degree d — 1 
and that there is no subset of d points on a line. Then the linear systems I c 
give embeddings of the blowing-up of P| at this set of points for c > d. The 
resultant surfaces are arithmetically Cohen-Macaulay [GG, Theorem B] and 
its defining ideal is defined by quadrics if c > d+ 1 [GG, Theorem 2.1]. 

Even more generally, A. Geramita, A. Gimigliano and Y. Pitteloud [GGP] 
consider the blow-up of P^ along an ideal of fat points, with k an algebraically 
closed field of characteristic zero. Given a set of points Pi,...,P s £ PJJ, let 
Vi, ... ,V S C k[Xo, . . . ,X n ] be their defining ideals, and let us take ideals of 
the type / = "P™ 1 PI ... PI V" ls , with mi, . . . , m s € 1>i. Then one may study 
the projective varieties obtained by embeddings of the blow-up of P^ along 
J via the linear systems corresponding to the graded pieces of /, whenever 
these linear systems are very ample. Let d = reg (I), and let us assume that 
there are not d points on a line. Then the linear systems I c are very ample for 
c > d, and the varieties obtained via these embeddings are projectively normal 
[GGP, Proposition 2.2] and arithmetically Cohen-Macaulay [GGP, Theorem 
2.4]. 

A new point of view to treat these questions was introduced by A. Simis, 
N.V. Trung and G. Valla in [STV], and later followed by A. Conca, J. Herzog, 
N.V. Trung and G. Valla in [CHTV], to study the more general problem of 
the blow-up of a projective space along an arbitrary subvariety. If / is a 
homogeneous ideal of A, let us consider the Rees algebra Ra(I) = ra >o I n — 
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A[It\ C A[t] of I with the natural bigrading given by 

R A {I) (l , 3) = (Ph 

The crucial point now is that all the algebras k[(I e ) c ] are subalgebras of the 
Rees algebra in a natural way. To describe this relationship we need to intro- 
duce the diagonal functor. 

Given positive integers c, e, the (c, e)- diagonal of I? is the set 

A := {(cs,es) \ s G Z}. 

For any bigraded algebra 5 = 0(jj) e z 2 ^(ij)' the diagonal subalgebra of S 1 
along A is the graded algebra 

Sa '■= ^(cs.es)- 
sGZ 

Similarly we may define the diagonal of a bigraded S'-module L along A as 
the graded ^A-module 

:= ^(cs,es)- 

sez 

So we have an exact functor 

( )a : M\S) - M 1 (S'a), 

where M 2 (S"), M 1 (S'a) denote the categories of bigraded 5- modules and 
graded SA-modules respectively. 

Now we may give a description of the rings fe[(/ e ) c ] as diagonals of the 
Rees algebra in the following way: By taking A to be the (c, e)-diagonal of Z 2 
with c > de + 1 , we have 

RA(I)A=^(I e %s = k[(I e ) c ]. 
s>0 

This observation allows an algebraic approach to study the rings k[(I e ) c ] via 
the diagonals of Ra(I)- This is the starting point in [STV] to study the case 
of homogeneous ideals of the polynomial ring generated by forms of the same 
degree, and later in [CHTV] to study arbitrary homogeneous ideals of the 
polynomial ring. By paraphrasing [STV]: One is to believe that the algebraic 
approach via the diagonals of the Rees algebra may throw further light not 
only on the study of embedded rational surfaces obtained by blowing-up a 
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set of points in P| but also of the embedded rational n-folds obtained, more 
generally, by blowing-up P£ along some special smooth subvariety. On the 
other hand, the diagonals of any standard bigraded algebra defined over a 
local ring have also been studied by E. Hyry [Hy] by using both an algebraic 
approach and a geometric approach. Finally, S.D. Cutkosky and J. Herzog 
[CH] have studied the diagonals of the Rees algebra of a homogeneous ideal 
in a general graded /c-algebra. 

Next we are going to expose the main results of those works. 

The main contribution of A. Simis et al. [STV] to the problems consid- 
ered by A. Geramita et al. is the algebraic approach via the diagonal of a 
bigraded algebra, a notion which generalizes the Segre product of graded al- 
gebras. Given algebraic varieties V C P^ - " 1 , W C P^T 1 with homogeneous 
coordinate rings R±, R2, the image of V x W C P& -1 x P^, -1 under the Segre 
embedding 

is a variety with homogeneous coordinate ring the Segre product of R\ and 
R 2 : 

Ri® k Ri = 0CRi)« ®k {R2)u- 

Given a standard bigraded /c-algebra R = 0( Mjt ,) eN 2 R( UjV ), its diagonal R/\ is 
defined as i?A = 0«gn-^(u,u) (that is, the (1, l)-diagonal). By considering the 
tensor product R = R\ R2 bigraded by means of R( u ,v) = (-Ri)u ®fe (-^2)1;, 
we have that Ra = R\®_ k R2- Classically R is taken to be the bihomogeneous 
coordinate ring of a projective subvariety of P^ _1 x P£~\ and i?A is then the 
homogeneous coordinate ring of its image via the Segre embedding. 

In the first section of [STV], a relation between the presentations, the di- 
mensions and the multiplicities of a standard bigraded /c-algebra R and its 
diagonal i?A is obtained. The key for proving these results is the existence of 
the Hilbert polynomial of a standard bigraded /c-algebra and the character- 
ization of its degree, due to D. Katz et al. [KMV] and M. Herrmann et al. 
[HHRT] among others. Similarly to the graded case, one may define in this 
case the irrelevant ideal, the irrelevant primes and the biprojective scheme 
associated to a standard bigraded /c-algebra. 

After that, it is studied the behaviour of the normality and the Cohen- 
Macaulay property by taking diagonals. Since there is a Reynolds operator 
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from R to Ra, one immediately gets that the normality of R will be inherited 
by its diagonal Ra- With respect to the Cohen-Macaulayness, the strategy 
is to reduce the problem to a special situation where the diagonal subalgebra 
becomes a Segre product, case in which it is known a criterion for the Cohen- 
Macaulayness. 

These results are then applied to the study of the Rees algebra Ra{I) of 
a homogeneous ideal I C A = k[X±, . . . , X n ] generated by forms of the same 
degree d (equigenerated ideals). In this situation, the Rees algebra can be 
bigraded so that becomes standard by means of 



and then Ra(I)a = M-^+i]- Mainly, two classes of ideals are then considered 
in detail: For complete intersection ideals generated by a regular sequence 
of r forms of degree d it is shown that fcf/^+i] is a Cohen-Macaulay ring if 
(r — l)d < n, while fc[id+i] is not a Cohen-Macaulay ring if (r — l)d > n 
[STV, Theorem 3.7]; for straightening closed ideals under some restrictions it 
is shown that fcfi^+i] is a Cohen-Macaulay ring [STV, Theorem 3.13]. This 
second class of ideals includes for instance the determinantal ideals generated 
by the maximal minors of a generic matrix. 

As a natural sequel of the work above, A. Conca et al. study in [CHTV] 
the diagonals Ra of a bigraded A;-algebra R for A = (c, e), with c, e positive 
integers. The main problem considered there is to find suitable conditions on R 
such that certain algebraic properties of R are inherited by some diagonal Ra, 
mostly with respect to the Cohen-Macaulay property and the Koszul property. 
Their goal is to apply the results to the case of a standard bigraded fc-algebra 
or the Rees algebra of any homogeneous ideal I of A = k[X\, . . . ,X n ]. In 
the first case, R has a presentation as a quotient of a polynomial ring S = 
k[X\, . . . , X n , Yi, . . . , Y r ] endowed with the grading given by deg(Aj) = (1,0), 
deg(lj) = (0, 1). As for the Rees algebra, if I is generated by forms /i, . . . , f r 
of degrees d\, . . . , d r respectively, we have a natural bigraded epimorphism 



where deg(Aj) = (1,0), deg(lj) = (dj,l). Therefore, by working in the cat- 
egory of bigraded 5-modules for S = k[Xi, . . . , X n , Y\, . . . , Y r ] the polyno- 



R A{I)(i,j) = ( IJ )i+dj, 




R = Ra{I) 
x t 

fit 
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mial ring with deg(Xi) = (1,0), deg(Yj) = (dj,l), d±,...,d r > 0, one may 
study both cases at the same time. Let us denote by Ai and m = Ma 
the homogeneous maximal ideals of S and Sa respectively. Denoting by 
d = max{e£i, . . . , d r }, we will consider diagonals A = (c, e) with c > de + 1. 

Since the arithmetic properties of a module can be often characterized 
in terms of its local cohomology modules, it is of interest to study the local 
cohomology of the diagonals La of any finitely generated bigraded 5-module 
L. This is done from the bigraded minimal free resolution of L over S: Let 

0-^Di-^...-*D o -^L-^0 

with D p = 0( o b) g Q p S(a, b) be the bigraded minimal free resolution of L over 
S. By taking diagonals one gets a graded resolution of La 

(A)a ( J D ) A L A -» 0, 

with (Dp) a = ©(a,6)en p S(a,b)^. The first step is then the computation of 
the local cohomology modules of the S'A-modules S(a, 6)a, which is done in 
the frame of a more general study about the local cohomology of the Segre 
product of two bigraded /c-algebras. In particular, it is obtained a criterion 
for the Cohen-Macaulay property of S(a, b) a by means of a, b and A. We say 
that the resolution of L is good if every module (L> p )a is Cohen-Macaulay for 
large diagonals A. Then it is stated the following theorem: 

Theorem [CHTV, Theorem 3.6, Lemma 3.8] Assume n> r. For any finitely 
generated bigraded S-module L, there exists a canonical morphism 

<p q L : H« m (L A ) H%\L) A , > 

such that 

(i) (p q L is an isomorphism for q > n. 
(ii) ip q L is a quasi-isomorphism for q > 0. 

(in) If L has a good resolution, ip q L is an isomorphism for large diagonals. 

As a corollary one gets necessary and sufficient conditions for the existence 
of Cohen-Macaulay or Buchsbaum diagonals La of L in terms of the graded 
pieces of the local cohomology modules of L. 
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Given a standard bigraded /c-algebra R, one may define the graded k- 
subalgebras 1Z\ = 0j eN -R(j,o)> T^2 = 0jeN-^(O,j)- The following result gives a 
criterion for the Cohen-Macaulay property of the diagonals of R by means of 
72-1 and 7^2 • Namely, 

Theorem [CHTV, Theorem 3.11] Let R be a standard bigraded Cohen- 
Macaulay k-algebra. If the shifts in the resolutions of 1Z\ and IZ2 are greater 
than —n and —r respectively, then R& is Cohen-Macaulay for large A . 

In particular, they get the following corollary: 

Corollary [CHTV, Corollary 3.12] Let R be a standard bigraded Cohen- 
Macaulay k-algebra. If IZ2 are Cohen-Macaulay with a(TZi) , a(R,2) < 0, 
then Ra is Cohen-Macaulay for large A . 

This result applied to Rees algebras of equigenerated ideals gives a criterion 
for the Cohen-Macaulay property of their diagonals. 

Furthermore, the study done in [STV] for the (1, l)-diagonal of the Rees 
algebra of an equigenerated complete intersection ideal is completed and ex- 
tended to any complete intersection ideal and any diagonal, by determining 
exactly which are the Cohen-Macaulay diagonals. This is the only case where 
non equigenerated ideals are considered. 

Theorem [CHTV, Theorem 4.6] Let I C A = k[X 1 ,...,X n ] be a homoge- 
neous complete intersection ideal minimally generated by r forms of degrees 
di, . . . ,d r . Set u = Y7j=\ dj- For c > de + 1, k[(I e ) c ] is a Cohen-Macaulay 
ring if and only if c > d(e — 1) + u — n. 

About the Cohen-Macaulay property of the diagonals of a Rees algebra is 
conjectured the following fact: 

Conjecture Let I C A = k[Xi, . . . ,X n ] be a homogeneous ideal. If Ra(I) is 
a Cohen-Macaulay ring, then there exists a diagonal A such that Ra(I)a is a 
Cohen-Macaulay ring. 

With respect to the Gorenstein property, there is just one statement re- 
ferred to the diagonals of the Rees algebra of a homogeneous ideal generated 
by a regular sequence of length 2. 

Proposition [CHTV, Corollary 4.7] Let I C A = k[X 1 , . . . ,X n ] be a homoge- 
neous complete intersection ideal minimally generated by two forms of degree 
d\ < d2- If n > d2 + 1, k[I n ] is a Gorenstein ring with a-invariant —1. 
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Finally, it is shown that large diagonals of the Rees algebra are always 
Koszul: 

Theorem [CHTV, Corollary 6.9] Let I C A = k[Xi,...,X n ] be a homoge- 
neous ideal generated by forms of degree < d. Then there exist integers a, b 
such that k[(I e ) c+ de] is Koszul for all c > a and e > b. 

Under a slightly different setting, E. Hyry [Hy] is concerned with comparing 
the Cohen-Macaulay property of the biRees algebra Ra(I, J) with the Cohen- 
Macaulay property of the Rees algebra Ra(IJ), where I,JcA are ideals of 
positive height in a local ring. To this end, he studies the A = (1, l)-diagonal 
of any standard bigraded ring R defined over a local ring. The main result 
[Hy, Theorem 2.5] gives necessary and sufficient conditions for the Cohen- 
Macaulayness of a standard bigraded ring R with negative a-invariants by 
means of the local cohomology of the modules R(p, 0)a and R(0,p)a (p £ 
N). In particular, it provides sufficient conditions on R so that the Cohen- 
Macaulay property is carried from R to R&: 

Theorem Let R be a standard bigraded ring defined over a local ring. Suppose 
that dim 1Z\ , dim 72-2 < dimi? and a 1 (R),a 2 (R) < 0. If R is Cohen-Macaulay, 
then so is i?A for A = (1,1). 

Now let A be a noetherian graded /c-algebra generated in degree 1 and 
let I C A be a homogeneous ideal. The general problem of studying the 
embeddings of the blow-up X = Vroj(@ n>0 I n ) of the projective scheme 
Y = Proj (A) along the sheaf of ideals 1 = 1 given by the graded pieces of / 
is treated by S.D. Cutkosky and J. Herzog [CH]. They are mainly concerned 
with the existence of an integer / such that k[(I e ) c } is Cohen-Macaulay for all 
e > and c > ef. The first example considered is the blow-up of a smooth 
projective variety Y along a regular ideal in a field of characteristic zero, where 
the Kodaira Vanishing Theorem can be used to prove: 

Theorem [CH, Theorem 1.6] Suppose that k has characteristic zero, A is 
Cohen-Macaulay, Y is smooth, I is equidimensional and Proj (A/ 1) is smooth. 
Then there exists a positive integer f such that k[(I e ) c ] is Cohen-Macaulay 
for all e > and c > ef. 

Let 7r : X —> Y be the blow-up morphism, E = Vroj (Q) n>0 l n /l n+1 ) , and 
we its dualizing sheaf. The main result they obtain is the following general 
criterion: 
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Theorem [CH, Theorem 4.1] Suppose that I C A is a homogeneous ideal such 
that I (£_ p, Vp £ Ass (A), A is Cohen- Macaulay and X is a Cohen- Macaulay 
scheme. Suppose that ir*OE(m) = j m /j m + 1 f or m > 0, i?*7r*0E(m)=O for 
i > and m > 0, i? l 7r*t<;.E(m)=0 /or i > and m > 2. TTten i/tere exists a 
positive integer f such that k[(I e ) c ] is Cohen-Macaulay for e > and c > ef. 

This result is applied there to the following classes of ideals: 

Corollary [CH, Corollary 4.2] Let I C A be a homogeneous ideal such that 
I <£. p, Vp G Ass (A), A is Cohen-Macaulay and I 9 is a complete intersection 
ideal for any p G Proj (A) . Then there exists a positive integer f such that 
k[(I e ) c ] is Cohen-Macaulay for e > 0, c > ef. 

Corollary [CH, Corollary 4.4] Let I C A be a homogeneous ideal such that I <f_ 
p, Vp 6 Ass (.A), A is Cohen-Macaulay and 1^ is strongly Cohen-Macaulay 
with jtx(J(p)) < ht (p) for any prime ideal p £ Proj (A) containing I. Then 
there exists a positive integer f such that k[(I e ) c ] is Cohen-Macaulay for 
e > 0, c > ef. 

As a somehow unexpected by-product, the methods used to study the 
diagonals of a Rees algebra also allow to study the regularity of the powers of 
an ideal and their asymptotic properties. These problems have been previously 
handled by using other techniques. Let A = k[X\, . . . ,X n ] be a polynomial 
ring with the usual grading and let / C A be a homogeneous ideal. I. Swanson 
[Swa] has shown that there exists an integer B such that reg (I e ) < Be, Ve. The 
problem is to make B explicit. In some particular cases, such B was already 
known. A. Geramita, A. Gimigliano and Y. Pitteloud [GGP] and K. Chandler 
[Cha] had proved that for ideals with dim (A//) = 1, reg(/ e ) < reg(J)e. On 
the other hand, R. Sjogren [Sjo] had given another kind of bound: If / is an 
ideal generated by forms of degree < d with dim(A/J) < 1, reg (I e ) < (n-l)de. 
Also A. Bertram, L. Ein and R. Lazarsfeld [BEL] have given a bound for the 
regularity of the powers of an ideal in terms of the degrees of its generators: 
If / is the ideal of a smooth complex subvariety X of P™ 1 of codimension c 
generated by forms of degrees d\ > 02 > . . . > d r , then 

ir(P™~\ T{k)) =0, V* > 1, VA; > ecZi + d 2 + . . . + d c - (n - 1). 

Let (A, m, k) be a local ring and let I C A be an ideal. Concerning the 
asymptotic properties of the powers of /, a classical well known result of 
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M. Brodmann [Bro] says that depth A/P takes a constant asymptotic value 
C for j >> 0, and moreover C < dim A — 1(1). This value C was deter- 
mined by D. Eisenbud and C. Huneke [EH] for ideals under some restrictions: 
If / is an ideal of height greater than zero and Ga{I) is Cohen-Macaulay, 
then inf{ depth = dim A - /(/), and if depth A/ I s = inf{ depth A/P}, 

then depth A/I s+1 = depth A/ I s . Finally, V. Kodiyalam [Kol] has shown 
that for any fixed nonnegative integer p and all sufficiently large j, the 
p-th Betti number (3p(P) = dim^ Tor^ (P , k) and the p-th Bass number 
jJp A {P) = dimfc Ext^(/c, P) are polynomials in j of degree < 1(1) — 1. 

Now we are going to set and motivate the concrete problems and questions 
considered in this dissertation. 

The restriction to Rees algebras of equigenerated ideals done by A. Simis et 
al. [STV] is due to the fact that in this case the Rees algebra can be endowed 
with a bigrading so that it becomes standard. For standard bigraded algebras 
one may define its biprojective scheme (see [STV], [Hy]) and there are also 
known results about its Hilbert polynomial (see [HHRT], [KMV]). If / is an 
ideal generated by forms f\ , . . . , f r of degrees d\ , . . . , d r respectively, the Rees 
algebra of / has a presentation as a quotient of S = k[X\, . . . , X n , Y±, . . . , Y r ] 
bigraded by setting deg(Xi) = (1, 0), deg(l^) = (dj, 1) which is non standard. 
Our first problem will be to extend the definitions and known results on bi- 
graded modules over standard bigraded algebras to the category of bigraded 
5-modules. 

Several arithmetic properties of a ring such as the Cohen-Macaulayness and 
the Gorenstein property can be characterized by means of its local cohomology 
modules. This is the reason why it is interesting and useful to study when 
the local cohomology modules and the diagonal functor commute, case in 
which we may conclude that certain arithmetic properties of the Rees algebra 
are inherited by its diagonals. The shifts (a, b) which arise in the bigraded 
minimal free resolution of the Rees algebra Ra(I) over the polynomial ring S 
play an essential role in this problem as it was seen in [CHTV] . We will study 
and bound these shifts by relating them to the local cohomology of the Rees 
algebra. After that, we will focus on the obstructions for the local cohomology 
modules and the diagonal functor to commute. 

Once we have done all those preliminaries, our main purpose will be to 
study the Cohen-Macaulayness of the rings k[(I e ) c ]. We will consider different 
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questions such as the existence and the determination of the diagonals (c, e) 
for which k[(I e ) c ] is Cohen-Macaulay, problems treated in [STV], [CHTV] and 
[CH]. Similarly, our next goal will be to study the Gorenstein property of 
the fc-algebras k[(I e ) c ]. This has been only done in a very particular case in 
[CHTV]. 

Some of the criteria we will obtain for the Cohen-Macaulayness of the k- 
algebras /c[(/ e ) c ] are in terms of the local cohomology modules of the powers 
of the ideal /. This will lead us to study the a-invariants of the powers of a 
homogeneous ideal. We will then show how the bigrading defined in the Rees 
algebra can be used to study the a-invariants and the asymptotic properties 
of the powers of an ideal. 

Summarizing, the main problems we have considered in this work are: 

(1) To extend the definitions and results about the biprojective scheme 
and the Hilbert polynomial of finitely generated bigraded modules de- 
fined over standard bigraded fc-algebras to finitely generated bigraded S- 
modules, for S = k[Xi, . . . , X n , Y±, . . . ,Y r ] the polynomial ring bigraded 
by degpQ) = (1, 0), deg(y i ) = {dj, 1), d 1: . . . , d r > 0. 

(2) To relate the shifts in the bigraded minimal free resolution of any finitely 
generated bigraded 5-module to its a-invariants. 

(3) To study the local cohomology modules of the diagonals of any finitely 
generated bigraded S'-module. 

(4) To study the Cohen-Macaulay property of the rings k[(I e ) c ]. 

(5) To study the Gorenstein property of the rings k[(I e ) c ]. 

(6) To study the a-invariants of the powers of a homogeneous ideal. 

(7) To study the asymptotic properties of the powers of a homogeneous ideal. 

Now we are ready to describe the results obtained in this work. 

In Chapter 1 we introduce the notations and definitions we will need 
throughout this work. We begin the chapter by defining the category of multi- 
graded modules over a multigraded ring, and by recalling some well-known 
results about multigraded local cohomology and the canonical module mainly 
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following M. Herrmann, E. Hyry and J. Ribbe [HHR] and S. Goto and K. 
Watanabe [GW1]. Then we define the multigraded a-invariants of a module 
and we study the relationship between these a-invariants and the shifts of its 
multigraded minimal free resolution. We will obtain a formula which extends 
[BH1, Example 3.6.15], where it was proved for Cohen-Macaulay modules in 
the graded case. This result will be a very useful device used all along this 
work. To precise it, let S be a d-dimensional N r -graded Cohen-Macaulay 
/c-algebra with homogeneous maximal ideal M and let M be a finitely gener- 
ated r-graded 5-module of dimension m and depth p. For each i = 0, . . . , m, 
we may associate to the i-th local cohomology module of M its multigraded 
aj-invariant aj(M) = (aj(M), . . . , a[(M)), where 

a{(M) =max{n | 3n = (n\...,n r ) G U s.t. H^(M) n / 0, n j = n] 

if Hj^(M) / and a{(M) = -oo otherwise. Notice that a m (M) co- 
incides with the usual a-invariant, and so we will denote by a(M) = 
(a 1 (M) , . . . , a r (M)) = a m (M). Finally, the multigraded a*-invariant of M 
is a*(M) = (aJ(M), . . . , a£(M)), where a*(M) — maxj = o ... m 

On the other hand, we may consider the r-graded minimal free resolution 
of M over S. Suppose that this resolution is finite: 

-> Di -> . . . -> Di -> D -> M -> 0, 

with D p = Q) q S(al q , ...,<f pq ). For every p G {0, ...,/}, j G {1, . . . ,r}, let us 
denote by 

P p (M) = maxj-a^}, 

tl{M) = max Pj(? {-a^} = max p ^(M), 

U(M) = (tl(M),...,tl(M)). 

Moreover, given a permutation a of the set {l,...,r}, let us con- 
sider < a the order in II defined by: (u±,...,u r ) < a (vi,...,v r ) iff 
(u^i), ...,u t7 ( r) ) <; e:r ...,w (T ( f .)), where <; e:c is the lexicographic order. 

Set Mp = max< CT { (— a pq , — a^)}. Then we can relate the shifts and the 
a-invariants of M in the following way: 

Theorem 1 [Theorem 1.3.4] For every j = 1, . . . , r, 
(i) a 3 d _ p (M) < P p (M) + aP(S), for p = d - m, . . . ,d - p. 



INTRODUCTION 



xv 



(ii) Assume that for some p there exists a s.t. a(l) = j and M£ > a M° +1 . 
Then a j d _ p {M) = t{{M) + a?{S). 

(Hi) al(M) = ti(M) + a?(S). That is, a*(M) = t*(M) + a(S). 

After that, we extend the definition and some of the results about the 
multiprojective scheme associated to a standard r-graded ring given by E. Hyry 
[Hy] and M. Herrmann et al. [HHRT] to rings endowed with a more general 
grading, which will also include the Rees algebra of a homogeneous ideal. Let 
S be a noetherian N r -graded ring generated over So by homogeneous elements 
xn, . . .,x lkl ,. . . ,x rl , . . .,x rkr in degrees deg(xy) = (djj, . . ^djj 1 , 1,0,.. . ,0), 
with d\j > 0. For every j = l,...,r, let Ij be the ideal of S generated 
by the homogeneous components of 5 of degree n = (m, . . . ,n r ) such that 
rij > 0, rij+i = . . . = n r = 0. The irrelevant ideal of S is S + = I\ ■ ■ ■ I r . We 
may associate to S the r-projective scheme Proj r (S) which as a set contains 
all the homogeneous prime ideals P C S such that S+ <f_ P. The relevant 
dimension of S is 



r el. dim 5 = 



r-1 if Proj r (,S) = 

max { dim S/P \ P G Proj r (5)} if Proj r (S) / 



It can be proved that dim Proj r (S) = rel.dimS — r by arguing as in [Hy, 
Lemma 1.2] where the standard r-graded case was considered. This result 
jointly with the isomorphism of schemes Proj r (S) = Proj (5a) that we have 
for certain diagonals allows to compute the dimension of 5a whenever Sq 
is artinian, by extending [STV, Proposition 2.3] where this dimension was 
determined for the (1, l)-diagonal of a standard bigraded /c-algebra by different 
methods. 

Finally, we extend to the category of r-graded modules defined over the r- 
graded /c-algebras introduced before the basic results concerning Hilbert func- 
tions and Hilbert polynomials. Some of them have been established in the 
standard r-graded case in [HHRT] and [KMV]. 

In Chapter 2 we are concerned with the diagonal functor in the 
category of bigraded 5-modules, where 5 is the polynomial ring 5 = 
. . . , X n , Yi, . . . ,Y r ] bigraded by setting degJQ = (1, 0), deg Yj = (dj, 1), 
di, . . . , d r > 0. In the first section, we compare the local cohomology modules 
of a finitely generated bigraded 5-module L with the local cohomology mod- 
ules of its diagonals. In particular, we will prove the main results in [CHTV] by 
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a different and somewhat easier approach. In addition, this approach will pro- 
vide more detailed information about several problems related to the behaviour 
of the local cohomology when taking diagonals. Set d = maxjcii, . . . ,d r }, and 
let A = (c, e) be a diagonal with c > de + 1. Let us consider the following 
subalgebras of S: Si = k[X\, . . . , X n ], S2 = k[Yi, . . . , Y r ], with homogeneous 
maximal ideals mi = (Xi, X n ) and rri2 = (Yi, . . . , Y r ). Let Mi, M2 be the 
ideals of S generated by mi, rri2 respectively, and let M be the homogeneous 
maximal ideal of S. Then: 

Proposition 2 [Proposition 2.1.3] Let L be a finitely generated bigraded S- 
module. There exists a natural exact sequence 

... - ^(L) A - Hl 4i (L) A © ff; 2 (L) A - H^JLa) A Hft\L) A - ... 

In the rest of the section, we study the obstructions for (p q L to be an isomor- 
phism. Firstly we relate this question to the vanishing of the local cohomology 
with respect to Mi and M2 of the modules S(a, b) which arise in the bigraded 
minimal free resolution of L over S. This allows us as said to recover the main 
results in [CHTV]. After that, we study the vanishing of the local cohomology 
modules of L with respect to Mi and M2 by themselves. 

In Section 2.2 we will focus on standard bigraded /c-algebras. Given 
a standard bigraded fc-algebra R, let us consider the graded subalgebras 
T^-i = ©iGN-^(i,o)i 1^2 = 0jeN-ft(o,j)- By using Theorem 1, we obtain a char- 
acterization for R to have a good resolution in terms of the a*-invariants of 
IZi and IZ2 which, in particular, provides a criterion for the Cohen-Macaulay 
property of its diagonals. We also find necessary and sufficient conditions 
on the local cohomology of IZi and IZ2 for the existence of Cohen-Macaulay 
diagonals of a Cohen-Macaulay standard bigraded /c-algebra R. This result 
extends [CHTV, Corollary 3.12]. 

Proposition 3 [Proposition 2.2.7] Let R be a standard bigraded Cohen- 
Macaulay k-algebra of relevant dimension 5. There exists A such that R& is 
Cohen-Macaulay if and only if (Hi)o = ^^2(^-2)0 = for any q < 5 — 1. 

Now let us consider a standard bigraded ring R defined over a local ring 
with a 1 (R),a 2 (R) < 0. In [Hy, Theorem 2.5] it is shown that if R is Cohen- 
Macaulay then the A = (1, l)-diagonal of R has also this property. This result 
can be extended to any diagonal of a standard bigraded /c-algebra: 
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Proposition 4 [Proposition 2.2.6] Let R be a standard bigraded Cohen- 
Macaulay k-algebra with a 1 (R),a 2 (R) < 0. Then i?A is Cohen- Macaulay for 
any diagonal A. 

At the end of the chapter, we apply the results about bigraded /c-algebras 
to the Rees algebra of a homogeneous ideal. Let A be a noetherian graded 
/c-algebra generated in degree 1 of dimension n and let m be the homogeneous 
maximal ideal of A. Given a homogeneous ideal I of A, the Rees algebra 
R = Ra(I) of I is bigraded by RA(I)uj) = {I 3 )i- If I is generated in degree 
< d, for any diagonal A = (c, e) with c > de + 1 we have: 

Ra(I)a = k[(I e ) c }. 

The diagonals k[(I e ) c ] are graded /c-algebras of dimension n if no associated 
prime of A contains /. In the sequel we will always assume such hypothesis. 
We can relate the local cohomology modules of the /c-algebras k[(I e ) c ] and 
those of the powers of I. Denoting by m the homogeneous maximal ideal of 
k[(I e ) c ], we have: 

Proposition 5 [Corollary 2.3.5] For any c > de + 1, e > a%(R), s > 0, we 
have isomorphisms 

In the particular case where A = k[X±, . . . ,X n ], A. Conca et al. [CHTV] 
conjectured that if the Rees algebra of a homogeneous ideal / of A is Cohen- 
Macaulay, then there exists a Cohen-Macaulay diagonal. The results proved 
for standard bigraded /c-algebras provide an affirmative answer for equigener- 
ated homogeneous ideals. In fact, we can give a full answer to this conjecture. 

Theorem 6 [Theorem 2.3.12] Let I be a homogeneous ideal of the polynomial 
ring A = k[Xi, . . . ,X n ]. If Ra(I) is a Cohen-Macaulay ring, then Ra(L) has 
a good resolution. In particular, k[(I e ) c ] is Cohen-Macaulay for c » e > 0. 

Furthermore, we obtain sufficient and necessary conditions on the ring A 
for the existence of Cohen-Macaulay diagonals of a Rees algebra Ra(I) with 
this property. Namely, 

Theorem 7 [Theorem 2.3.13] If Ra(I) is Cohen-Macaulay, then the following 
are equivalent: 
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(i) There exist c,e such that k[(I e ) c ] is Cohen-Macaulay. 

(ii) H l m (A) = fori<n. 

In Chapter 3 we study in detail the Cohen-Macaulay property of the 
rings k[(I e ) c }. We consider the problem of the existence of Cohen-Macaulay 
diagonals of the Rees algebra. Once studied this problem, we will try to 
determine the diagonals with this property. The following isomorphisms will 
play an important role: 

Proposition 8 [Proposition 3.1.2] Let X be the blow-up of Proj (A) along 
1 = 1, where I is a homogeneous ideal of A generated by forms of degree < d. 
For any c > de + 1, there are isomorphisms of schemes 

X Proj 2 (R A (I)) = Proj (k[(I%}). 

First of all, these isomorphisms will be used to give a criterion for the 
existence of diagonals k[(I e ) c ] which are generalized Cohen-Macaulay modules, 
thereby solving a conjecture of [CHTV]. 

Proposition 9 [Proposition 3.2.6] The following are equivalent: 

(i) W M (R A (I)) M =0 for i < n + I, p < q < 0. 

(ii) k[(I e ) c ] is a generalized Cohen-Macaulay module for c>e>0. 
(Hi) There exist c, e such that k[(I e ) c ] is generalized Cohen-Macaulay. 
(iv) k[(I e ) c ] is a Buchsbaum ring for c > e » 0. 

(v) There exist c, e such that k[(I e ) c ] is a Buchsbaum ring. 

(vi) There exist qo, t such that H % m (Ra(I)){j,^ = for i <n + l, q < qo and 
p < dq + t. 

After that, we use Proposition 8 to give necessary and sufficient conditions 
for a Rees algebra to have Cohen-Macaulay diagonals. Namely, 

Theorem 10 [Theorem 3.2.3, Corollary 3.2.5] The following are equivalent: 
(i) There exist c, e such that fc[(/ e ) c ] is a Cohen-Macaulay ring. 
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(ii) (1) There exist qo,t £ Z such that H l M {RA(I))( Pt q) = Q for all i < n + l, 
q < qo and p < dq + t. 

( 2 ) H R A {l) + ( R A{I))m = for all i < n. 
(Hi) (1) X is an equidimensional Cohen- Macaulay scheme. 
(2) T(X, O x ) = k, W(X, Ox) = for < i < n - 1. 
In this case, k[(I e ) c ] is a Cohen- Macaulay ring for c e 0. 

By using this theorem, we can exhibit some general situations in which 
we can ensure the existence of Cohen-Macaulay coordinate rings for X. For 
instance, 

Proposition 11 [Proposition 3.3.3] Let X be the blow-up of P^ -1 along a 
closed subscheme, where k has chark = 0. Assume that X is smooth or with 
rational singularities. Then X is arithmetically Cohen-Macaulay. 

Our next goal in the chapter will be to determine the Cohen-Macaulay 
diagonals once we know its existence. This is a difficult problem which has 
been completely solved only for complete intersection ideals in the polynomial 
ring [CHTV, Theorem 4.6]. For equigenerated ideals, we can give a criterion 
for the Cohen-Macaulayness of a diagonal in terms of the local cohomology 
modules of the powers of the ideal by just assuming that the Rees algebra is 
Cohen-Macaulay. Namely, 

Proposition 12 [Proposition 3.4.1] Let I C A be an ideal generated by forms 
of degree d whose Rees algebra is Cohen-Macaulay. For any c > de + 1, k[(I e ) c ] 
is Cohen-Macaulay if and only if 

(i) Hi n (A) = 0fori<n. 

(ii) H l m (I es ) cs = fori<n, s > 0. 

For arbitrary homogeneous ideals, we can also prove a criterion for the 
Cohen-Macaulayness of a diagonal by means of the local cohomology of the 
powers of the ideal and the local cohomology of the graded pieces of the 
canonical module of the Rees algebra. Let us denote by K = Kn A m = 
®(j j\ K(ij) the canonical module of the Rees algebra, and for each e G Z, let 
us consider the graded ^4-module K e = ® ^ K(i,e) ■ Then we have: 

Theorem 13 [Theorem 3.4.3] Let I be a homogeneous ideal of A generated by 
forms of degree < d whose Rees algebra is Cohen-Macaulay. For any c > de+1, 
k[(I e ) c ] is Cohen-Macaulay if and only if 
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(%) Hi(A) = fori<n. 
(ii) H l m (I es ) cs = fori<n, s > 0. 
(Hi) Hl- i+1 {K es ) cs = 0forl<i<n,s>0. 

If the form ring is quasi- Gorenstein we can express the criterion above only 
in terms of the local cohomology of the powers of the ideal. 

Theorem 14 [Corollary 3.4.4] Let I be a homogeneous ideal of A generated by 
forms of degree < d. Assume that Ra{I) is Cohen- Macaulay, Ga(I) is quasi- 
Gorenstein. Set a = —a 2 {GA{I)), b = —a(A). For any c > de + 1, k[(I e ) c ] is 
Cohen- Macaulay if and only if 

(i) Hi(A) = 0fori<n. 

(ii) Hl{I es ) cs = fori<n, s > 0. 

(Hi) H l m (r s - a+1 ) cs _ b = for 1< i < n, s > 0. 

We can use Theorem 14 to determine exactly the Cohen-Macaulay diago- 
nals of the Rees algebra of a complete intersection ideal in any Cohen-Macaulay 
ring. In particular, we get a new proof of [CHTV, Theorem 4.6] where the 
case A = k[X\, . . . , X n ] was studied. 

These criteria will be also applied in the Chapter 5, once we have studied 
in detail the local cohomology modules of the powers of several families of 
ideals, such as equimultiple ideals or strongly Cohen-Macaulay ideals. 

Furthermore, the results and methods used up to now allow us to show 
the behaviour of the a*-invariant of the powers of a homogeneous ideal. The 
following statement has been obtained independently by S.D. Cutkosky, J. 
Herzog and N. V. Trung [CHT] and V. Kodiyalam [Ko2] by different methods. 

Theorem 15 [Theorem 3.4.6] Let L be a finitely generated bigraded S-module. 
Then there exists a such that 

a*(L e ) < de + a, Ve. 

After that, we use the bound on the shifts of the bigraded minimal free 
resolution of the Rees algebra obtained in Theorem 1 to determine a family of 
Cohen-Macaulay diagonals of a Cohen-Macaulay Rees algebra. 
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Theorem 16 [Theorem 3.4.12] Let I be a homogeneous ideal of A generated 
by r forms of degree d± < . . . < d r = d. Assume that H^A)^ = for i <n. 
Set u = J2 r j=i dj- If the Rees algebra is Cohen-Macaulay, then 

(i) k[(I e ) c ] is Cohen-Macaulay for c > max{<i(e — 1) + u + a(A), d(e — 1) + 
«-di(r-l)}. 

(ii) If I is generated by forms in degree d, k[(I e ) c ] is Cohen-Macaulay for 
c > d{e-l + l{I)) + a(A). 

Our results can be also applied to study the embedddings of the blow- 
up of a projective space along an ideal I of fat points via the linear systems 
(I e ) c whenever these linear systems are very ample, slightly extending [GGP, 
Theorem 2.4] where only the linear systems I c were considered. 

Theorem 17 [Theorem 3.4.15] Let I C A = k[X±, . . . ,X n ] be an ideal of fat 
points, with k a field of characteristic zero. Then 

(i) k[(I e ) c ] is Cohen-Macaulay if and only if H l m (I es ) cs = for s > 0, i < n. 

(ii) For c > reg(7)e, k[(I e ) c ] is Cohen-Macaulay with a(k[(I e ) c ]) < 0. In 
particular, reg (k[(I e ) c ]) < n — 1. 

The chapter finishes by studying sufficient conditions for the existence of 
a positive integer / such that k[(I e ) c ] is a Cohen-Macaulay ring for all c > ef 
and e > 0, a question that has been treated by S.D. Cutkosky and J. Herzog. 
Our main result, which improves [CH, Corollaries 4.2, 4.3 and 4.4], is the 
following: 

Theorem 18 [Theorem 3.5.3] Let I be a homogeneous ideal of an equidimen- 
sional k-algebra A such that Ra p {I 9 ) is Cohen-Macaulay for any prime ideal 
p € Proj (A). Assume that Hl l (A) = for i < n. Then there exists an 
integer a such that k[(I e ) c ] is Cohen-Macaulay for all c > de + a and e > 0. 

The aim of Chapter 4 is to study the Gorenstein property of the k- 
algebras k[(I e ) c ]. About the Cohen-Macaulay property, we have already 
proved that if there exists a Cohen-Macaulay diagonal then there are in- 
finitely many with this property. We show that the behaviour of the Goren- 
stein property is totally different. For instance, by considering the polyno- 
mial ring S = k[Xi, . . . , X n , Y\, . . . ,Y r ] with degXi = (1, 0), deg 1} = (dj, 1), 
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di,...,d r > 0, we have that Sa is Cohen-Macaulay for any diagonal A but 
there is just a finite set of Gorenstein diagonals. 

Proposition 19 [Proposition 4.1.1] Sa is Gorenstein if and only if '- = = 
I € Z. Then a(S A ) = -I. 

To determine the rings k[(I e ) c ] which are Gorenstein, we will compare 
the canonical module of the Rees algebra with the canonical module of each 
diagonal. For complete intersection ideals of the polynomial ring, it was proved 
in [CHTV, Proposition 4.5] that the canonical module and the diagonal functor 
commute. This result can be extended to more general situations. 

Proposition 20 [Proposition 4.1.4 and Remark 4.1.5] Let A = k[X\, . . . ,X n ] 
be the polynomial ring, n > 2, and let I be a homogeneous ideal of A with 
M (J) > 2. 

(%) Ifn(I)<n,K RA ^(K R ) A . 

(ii) If I is equigenerated and R is Cohen-Macaulay, Kr a = {Kr)a- 

Although this isomorphism can be extended to a more general class of 
rings, we will restrict our attention to the above two cases. This will suffice 
to study the rational surfaces obtained by blowing-up the projective plane at 
a set of points. 

Next we study the behaviour of the Gorenstein property of the Rees algebra 
when we take diagonals. If the Rees algebra is Gorenstein then the form 
ring is also Gorenstein. Under this assumption on the form ring, which is 
less restrictive, we can determine exactly for which c, e the algebra k[(I e ) c ] is 
quasi-Gorenstein. Namely, 

Theorem 21 [Theorem 4.1.9] Let I C A = k[X\, . . . ,X n ] be a homogeneous 
ideal with 1 < ht (/) < n whose form ring Ga{I) is Gorenstein. Set a = 
—a 2 {GA{I))- Then k[(I e ) c ] is a quasi-Gorenstein ring if and only if ^ = 
2=i = Z G Z. In this case, a(k[(I e ) c ]) = -l . 

For homogeneous non principal ideals I of height 1, the ring k[(I e ) c ] is 
never Gorenstein. If / has height n, then the diagonals determined in the 
theorem are always Gorenstein, but the converse is not true. As a corollary of 
this result we can solve the problem of determining completely the Gorenstein 
diagonals for complete intersection ideals or determinantal ideals generated by 
the maximal minors of a generic matrix. 
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Corollary 22 [Corollary 4.1.12] Let I C A = k[Xi,...,X n ] be a complete 
intersection ideal minimally generated by r forms of degree d\ < . . . < d r = d, 
with r < n. For any c > de + 1, k[(I e ) c ] is a Gorenstein ring if and only if 
f = ==1 = l e Z. /n iftis case, a(£;[(/ e ) c ]) = -Z„. 

Corollary 23 [Example 4.1.13] Zei X = (Xij) denote a matrix of indetermi- 
nates, with 1 < i < n,l < j < m and m < n. Let I C A = fc[X] denote the 
ideal generated by the maximal minors o/X ; where k is afield. Then: 

(i) Ifm<n, then k[(I e ) c ] is Gorenstein if and only if ™ = € Z. 

(ii) If m = n, then A = (n(n + 1), 1) is the only Gorenstein diagonal. 

We have shown that if the form ring is Gorenstein there is just a finite set 
of Gorenstein diagonals. This fact also holds under the general assumptions 
of the chapter. Namely, 

Proposition 24 [Proposition 4.2.1] There is a finite set of diagonals A = (c, e) 
such that k[(I e ) c ] is quasi- Gorenstein. 

If the Rees algebra is Cohen-Macaulay, then we can bound the diagonals 
A = (c, e) for which k[(I e ) c ] is Gorenstein. 

Proposition 25 [Proposition 4.2.2] Assume that hi, (I) > 2 and Ra(I) is 
Cohen-Macaulay. Let a = —o, 2 (Ga(I))- If k[(I e )c] is quasi- Gorenstein, then 
e < a - 1 and c < n. Moreover, if d\m(A/I) > then |~|] - 1 = ^ = / € Z. 
In particular, if a = 1 there are no diagonals (c, e) such that k[(I e ) c ] is quasi- 
Gorenstein. 

Finally, we show that in some cases the existence of a diagonal (c, e) such 
that k[(I e ) c ] is quasi-Gorenstein forces the form ring to be Gorenstein. It may 
be seen as a converse of Theorem 21 for those cases. 

Theorem 26 [Theorem 4.2.3] Assume that Ra{I) is Cohen-Macaulay, 
ht (I) > 2, 1(1) < n and I is equigenerated. If there exists a diagonal (c, e) 
such that k[(I e ) c ] is quasi-Gorenstein then Ga(I) is Gorenstein. 

We finish the chapter by applying the previous results to recover the fact 
that the Del Pezzo sestic surface in P 6 is the only Room surface which is 
Gorenstein. 

In Chapter 5 we study the a-invariant and the regularity of any finitely 
generated bigraded 5-module L, for S = k[Xi, . . . , X n ,Y\, . . . ,Y r ] the polyno- 
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mial ring with degXi = (1,0), deglj = (0, 1). This class of modules includes 
for instance any standard bigraded fc-algebra R. 

Given a finitely generated bigraded S- module L, let us consider the bi- 
graded minimal free resolution of L over S 

A • ■ ■ D L 0, 

with Dp = 0( ai 5) g Q p <S'(a, 6). The bigraded regularity of L is reg(L) = 
(regiL,reg2i), where 

reg \L = max{— a — p | (a, 6) € 

reg2-^ = max{— 6 — p | (a, 6) € 

For each e G Z, we may define the graded Si-module L e = ©j €Z ^(«,e) 
and the graded ^-module L e = ©j gz ^( e ,j)- O ur fi rs t result gives a new 
description of the a*-invariant a*(L) of L and the regularity reg(L) of L in 
terms of the a*-invariants and the regularities of the graded modules L e and 
L e . Namely, 

Theorem 27 [Theorem 5.1.1, Theorem 5.1.2] Let L be a finitely generated 
bigraded S-module. Then: 

(i) al(L) = max e {a*(.L e )} = max e {a*(L e ) | e < a%(L) + r}. 

(ii) a%(L) = max e {a*(L e )} = max. e {a*(L e ) \ e < a\{L) + n}. 
(Hi) regiL = max e {reg (L e )} = max e {reg(L e ) | e < al(L) +r}. 
(iv) reg 2 L = max e {reg (L e )} = max e {reg(L e ) | e < a\(L) +n}. 

This result will be used to study the a*-invariant and the regularity of the 
powers of a homogeneous ideal / in the polynomial ring A = k[X±, . . . ,X n ]. 
According to Theorem 15, there exists an integer a such that a*{I e ) < de + a, 
Ve. The first aim is to determine such an a explicitly, and this will be done for 
any equigenerated ideal by means of a suitable a-invariant of the Rees algebra. 
For a homogeneous ideal /, we will denote by R, G and F the Rees algebra 
of /, its form ring and the fiber cone respectively. If I is an ideal generated 
by forms in degree d, let us denote by Rf the Rees algebra endowed with the 
bigrading \R!f\u^\ = (J J ') i+( ^. Then we have 

Theorem 28 [Theorem 5.2.1] Let I be a homogeneous ideal of A generated by 
forms in degree d. Set I = 1(1). Then 
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(%) a\{R?) = max e { a*(/ e ) - de} = max{ a*(/ e ) - de | e < a^(i?) + /}. 
fnj vegi(R ip ) = max e { reg (I e ) — de} = max{ reg (I e ) — de \ e < a 2 (R) + I}. 

Therefore, we need to study a^R^) to get concrete bounds for the a*- 
invariant of the powers of several families of ideals. If the Rees algebra is 
Cohen-Macaulay we have 

Proposition 29 [Proposition 5.2.5] Let I be a homogeneous ideal generated by 
forms in degree d whose Rees algebra is Cohen-Macaulay. Set I = 1(1). Then 

-n + d(-a 2 (G) - 1) < max{a*(I 6 ) - de} <-n + d(l - 1). 

e>0 

The a*-invariants of the powers of a complete intersection ideal are well- 
known, and in this case the inequalities above are sharp. Next we compute 
explicitly a^R?) = max e >o{a*(7 e ) — de} for other families of ideals. First we 
consider equimultiple ideals. 

Proposition 30 [Proposition 5.2.8] Let I be an equimultiple ideal equigener- 
ated in degree d and set h = ht(I). // the Rees algebra is Cohen-Macaulay, 

(i) a(I e /I e+1 ) =de + a(A/I). In particular, a 1 {G^) = a(A/I). 

(ii) a n - h+1 (I e ) = d(e - 1) + a(A/I). In particular, a 1 (R' fi ) = a(A/I) - d. 

For ideals whose form ring is Gorenstein we can also compute explicitly 
max e >o{a*(I e ) — de}, and then we get that the lower bound given by Propo- 
sition 29 is sharp. 

Proposition 31 [Proposition 5.2.9] Let I be a homogeneous ideal equigener- 
ated in degree d whose form ring is Gorenstein. Set I = 1(1). Then 

(i) max e >o{a*(/ e ) — de} = d(—o?(G) — 1) — n. 

(ii) For e > a 2 {G) - a(F), depth(^// e ) = n-l and a*(/ e ) = a n _/(A// e ) = 
d(e - a 2 (G) - 1) - n. 

For instance, we may apply this result to determinantal ideals generated by 
the maximal minors of a generic matrix as well as to strongly Cohen-Macaulay 
ideals satisfying condition (^"i). 
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The computation of the a*-invariants of the powers of these families of 
ideals is then applied to determine the Cohen-Macaulay diagonals of a Rees 
algebra. For equimultiple ideals, we have 

Proposition 32 [Proposition 5.2.20] Let I be an equimultiple ideal generated 
in degree d whose Rees algebra is Cohen-Macaulay. For any c > de+1, fc[(/ e ) c ] 
is Cohen-Macaulay if and only if c > d(e — 1) + a{A/I). 

For strongly Cohen-Macaulay ideals, we have 

Proposition 33 [Proposition 5.2.21] Let I be a strongly Cohen-Macaulay ideal 
such that n{I 9 ) < ht (p) for any prime ideal p D /. Assume that I is minimally 
generated by forms of degree d = d± > ... > d r , and let h = hi, (I). For 
c > d(e — 1) + d\ + . . . + dh — n, k[(I e ) c ] is Cohen-Macaulay. 

If the Rees algebra is Cohen-Macaulay, we have proved the existence of an 
integer a such that k[(I e ) c ] is a Cohen-Macaulay ring for any c > de + a and 
e > by Theorem 16. For equigenerated ideals we had a = d(l — 1) as an 
upper bound. We can determine the best a. 

Proposition 34 [Proposition 5.2.15, Corollary 5.2.16] Let I be an ideal in 
the polynomial ring A = k[X\, . . . ,X n ] generated by forms in degree d whose 
Rees algebra is Cohen-Macaulay. Set I = 1(1). For a > 0, the following are 
equivalent 

(i) k[(I e ) c ] is CM for Ode + a. 

(ii) ai(I e ) < de + a, Vi, Ve. 

(Hi) ai(I e ) < de + a, Vi, Ve < / — 1 . 

(iv) H^ 1 {R A (I)) M =0, Vp>dq + a, that is, a > a 1 {Rf). 

(v) The minimal bigraded free resolution of Ra(I) is good for any diagonal 
A = (c, e) such that c > de + a. 

If the form ring is Gorenstein, these conditions are equivalent to 

(vi) a > d(-a 2 (G) - 1) -n. 

Up to now, we have used Theorem 27 to bound the a*-invariants of the 
powers of an ideal, which has been applied to study the Cohen-Macaulayness 
of the diagonals. In the last section, we use this theorem to prove a bigraded 
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version of the Bayer-Stillman theorem which characterizes the bigraded reg- 
ularity of a homogeneous ideal of S by means of generic homogeneous forms. 
Next, similarly to the graded case, we define the generic initial ideal gin/ of 
a homogeneous ideal I of S and we establish its basic properties. In partic- 
ular, we may use the Bayer-Stillman theorem to compute the regularity of a 
Borel-fix ideal in S when k has characteristic zero. For j = 1, 2, let us denote 
by Sj(I) the maximum of the j-ih component of the degrees in a minimal 
homogeneous system of generators of I. Then we have 

Proposition 35 [Proposition 5.3.10] Let I C S be a Borel-fix ideal. Ifchark = 
0, then 



This result has been also proved by A. Aramova et al. [ACD] by different 
methods. In the graded case, D. Bayer and M. Stillman [BaSt] also proved the 
existence of an order in the polynomial ring A = k[X±, . . . ,X n ] (the reverse 
lexicographic order) such that reg/ = reg (gin/) for any homogeneous ideal 
I oi A. We finish the chapter by showing that the analogous bigraded result 
does not hold because we can find a homogeneous ideal I of S such that for 
any order reg(7) ^ reg(ginl). 

In Chapter 6 we study the asymptotic properties of the powers of a 
homogeneous ideal I in the polynomial ring A = k[X\, . . . , X n ]. We will 
show how the bigraded structure of the Rees algebra provides information 
about the Hilbert polynomials, the Hilbert series and the graded minimal free 
resolutions of the powers of /. This grading of the Rees algebra will be also 
useful to study the mixed multiplicities of the Rees algebra and the form ring 
of an equigenerated ideal. 

Theorem 36 [Theorem 6.1.1] Let I be a homogeneous ideal of A. Set c = 
C"1{Ra{L)), h = ht(7). Then there are polynomials eo(j), . . . , e n -h-i(j) with 
integer values such that for all j > c + 1 



regi(J) =*!(/), 



reg 2 (i-) =S 2 (I). 




Furthermore, dege n ^h-i-k(j) < n — k — 1 for all k. 
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In particular, this result says that a finite set of Hilbert polynomials of 
the powers of an ideal allows to compute the Hilbert polynomials of its Rees 
algebra and its form ring, without needing an explicit presentation of these 
bigraded algebras. For equigenerated ideals, we may also compute the multi- 
plicities of their Rees algebras and form rings. 

Corollary 37 [Corollary 6.1.8] Let I be a homogeneous ideal in A. Let c = 
o-*{Ra{I)), h = hi (I). Then the Hilbert polynomials of P forc+l < j < c+n 
determine 

(i) The polynomials e n -h-i-k(j) for k = 0, . . . , n — h — 1. 

(ii) The Hilbert polynomials of A/ 1 3 for j > c + n. 

(Hi) The Hilbert polynomial of Ra(I) and the Hilbert polynomial of G A (I)- 

(iv) If I is equigenerated and not m-primary, the mixed multiplicities of 
R A (I) and G A (I). 

A similar result can be proved for the Hilbert series of the powers of a 
homogeneous ideal. Namely, 

Proposition 38 [Theorem 6.2.1, Proposition 6.2.7] Let I be a homogeneous 
ideal. Set r = fi(I), I = 1(1), c = al(R A (I)). Then: 

(i) The Hilbert series of P for j < c + r determine the Hilbert series of P 
for j > c + r. 

(ii) If I is an equigenerated ideal, the Hilbert series of P forc+l < j < c+l 
determine the Hilbert series of P for j > c + l. 

Next we study the behaviour of the projective dimension of the powers of 
an ideal. As a by-product, we recover the classic result of M. P. Brodmann 
[Bro] which says that the depth of the powers of an ideal becomes constant 
asymptotically, and a result of D. Eisenbud and C. Huneke [EH] which precises 
this asymptotic value under some restrictions. Moreover, for ideals whose form 
ring is Gorenstein we may determine exactly the powers of the ideal for which 
the projective dimension takes the asymptotic value. Namely, 

Proposition 39 [Proposition 6.3.2] Let I be a homogeneous ideal in A and set 
I = 1(1). IfGis Gorenstein, proj.diniy^i 7 ) < I— 1 for all j, and proj.dim^P = 
I — 1 if and only if j > o?(G) — a(F). 
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Finally, we show that the graded minimal free resolutions of the powers 
of an ideal also have a uniform behaviour. For equigenerated ideals, we can 
prove that the shifts which arise in the minimal resolutions are linear func- 
tions asymptotically and the Betti numbers are polynomial functions asymp- 
totically. More explicitly, 

Proposition 40 [Proposition 6.3.6] Let I be a homogeneous ideal generated 
in degree d. Set I = 1(1), s = n — depth/ m m (R) . Then there is a finite set 
of integers {a p i |0<p<s,l<i< k p } and polynomials {Qa pi (j) '■ < p < 
s, 1 < i < k p } of degree < I — 1 such that the graded minimal free resolution 
of P for j large enough is 

_> Di - . . . - - P , 

with D 3 p = ®iA(-a pi - djf^ and (5 3 pi = Q apx {j). 

From this result, we may deduce that a finite number of the graded minimal 
free resolutions of the powers of an ideal determine the rest of them. This finite 
set of resolutions can be found for ideals with a very particular behaviour. For 
instance, we get 

Proposition 41 [Proposition 6.3.10] Let I be an equigenerated homogeneous 
ideal, and b = a^(i?^(/)) + 1(1). If the graded minimal free resolutions of 
I, I 2 , ■ ■ ■ ,I b are linear, then the graded minimal free resolutions of P are also 
linear for any j. Furthermore, the minimal free resolutions of I , I 2 , . . . , I b 
determine the minimal graded free resolutions of P for any j . 
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Chapter 1 

Multigraded rings 



In this chapter we collect some basic definitions and facts of the theory of 
multigraded rings which we will need in the next chapters. We also state 
the multigraded versions of some well-known results in the category of graded 
rings. Rings are always assumed to be noetherian. 



1.1 Multigraded rings and modules 

The general theory of multigraded rings and modules is analogous to that of 
graded rings and modules. We first recall some basic definitions. The main 
sources are [BH1], [HHR] and [GW1]. 

We use the following multi- index notation. For n = (re 1 , . . . ,n r ) G Z r , we 
set |n| = n 1 + . . . + n r , and for n, m G Z r , we define their sum n + m = 
(n 1 + to 1 , . . . , rf + TO r ), and we set n < m (n < m) if ri l < m l (re 1 < to*) for 
every i. 

A Z r -graded ring (or r-graded ring) is a ring S endowed with a direct 
sum decomposition S = neZ r S n , such that S n S m C 5 n+m for all n, m G 
U ' . An r-graded S- module is an S- module M endowed with a decomposition 
M = neZ r M n , such that S n M m C M n+m for all n, m G U . We shall call 
M n the homogeneous component of M of degree n. An element x G M is 
homogeneous of degree n if x G M n . The degree of x is then denoted by 
degx. For any r-graded S'-module M, we define the support of M to be the 
set suppM = {n G U \ M n / 0}. 
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For a given r-graded ring S, we may consider the category of r-graded 
S- modules M r (S). Its objects are the r-graded S-modules, and a morphism 
/ : M -»■ N in M r (S) is an S-module morphism such that /(M n ) C iV n for 
all n G Z r . 

Given an r-graded S- module M, an r-graded submodule is a submodulc 
N C M such that iV = ngZ r iV n M n , equivalently, N is generated by 
homogeneous elements. The r-graded submodules of S are called homogeneous 
ideals. For an arbitrary ideal / of S, the homogeneous ideal /* is defined to 
be the ideal generated by all the homogeneous elements of /. 

As a first example of r-graded ring we have the polynomial ring S = 
A[X\, . . . , X n ] defined over an arbitrary ring A. For every choice of elements 
di , . . . , d n G I r , we have a unique r-grading on S such that deg Xj = dj and 
dega = for all a £ A. 

For an r-graded S'-module M and k £ Z r , then M(k) denotes the S'-module 
M with the grading given by M(k) n = Mk+ n - 

If M, iV are r-graded S- modules, we denote by Hom g(M, A^)o the abelian 
group of all the homomorphisms of r-graded S- modules from M into N. We set 
Hom 5 (M, N) = neZ r Hom 5 (M, N(n)) . Note that Hom g (M, 7V) k is nothing 
but the abelian group of S-module homomorphisms / : M — > N such that 
f(M n ) C iV n+k for all n € IT. The derived functors of Hom 5 ( , ) are ExtU , ), 
with i £ N. 

1.2 Multigraded cohomology 

Next we are going to introduce the local cohomology functor in the category 
of multigraded modules, mainly following [HHR]. The basic results are the 
multigraded version of the Local Duality Theorem and the good behaviour of 
the local cohomology modules under a change of grading. 

From now on in this chapter, we assume that S = © ngN r S n is an r-graded 
ring defined over a local ring Sq = A. Then S has a unique homogeneous 
maximal ideal M. = m © (0 n ^o Sn), where m is the maximal ideal of A. Set 
d = dim S. 

If / C S is a homogeneous ideal and M is an r-graded S-module, we denote 
by H?(M) = r,(M) = {ieI: I k x = for some k > 0}. Note that H?(M) 
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is an r-graded submodule of M. The local cohomology functors H}( ) are the 
right derived functors of Tj( ) in the category of r-graded S'-modules. If no 
confusion, we will usually denote them by H}( ). 

An r-graded S'-module K$ is called a canonical module of S if 

K s ®a A * Hom 5 (H^(5),E 5 (A;)) , 

where k is the residue field of A and E 5 (fc) is the injective envelope of k 
in the category of r-graded 5-modules. The injective envelope Eg(fc) of k 
is Horn A (S, E4 (k)), where A is thought as an r-graded ring concentrated in 
degree 0, and both S and E A (k) are considered as r-graded A-modules. There- 
fore, we have 

K s A A^RomA(E d M(S),E A (k)) = Rom A ([K d M (S)}- n ,E A (k)). 

nez r 

If a canonical module exists, it is finitely generated and unique up to an 
isomorphism. In the particular case where A = k is a field, the canonical 
module of S exists and 

The next results are the extension to the r-graded case of two of the main 
properties of the canonical module, well-known for the graded case (see [GW2, 
Theorem 2.2.2]). 

Theorem 1.2.1 (Local Duality) Let S be an r-graded ring defined over a 
complete local ring A. Let M. be the homogeneous maximal ideal of S. Then 
S is Cohen-Macaulay if and only if every finitely generated r-graded S-module 
M satisfies 

Hom 5 (H^ (M),E s (k)) * Ext^^M, K s ) ,i = 0, . . . , d. 

Corollary 1.2.2 Let S be a Cohen-Macaulay r-graded ring with canonical 
module Ks- Let T be an r-graded ring defined over a local ring such that there 
exists a finite r-graded ring morphism S — > T. Then T has canonical module 

K T = Ext e s (T,K s ), 

where e = dimS" — dimT. 
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Often we are going to consider the ring S endowed with a different grading 
obtained in the following way: given a group morphism <p : II — > Z q such that 
^(supp S) CN', we can define the N^-graded ring 

S* ■= ( S n ). 

mem v ,( n )=m 

Similarly, given an r-graded S'-module M, we may define the (/-graded S v - 
module as 

W ■■= ( 

mezi ¥ ,( n )=m 

Then ( )V : M r (S) -> M q (S' fi ) is an exact functor. By considering ipj : Z r -> Z 
the projection on the j-component, that is, ¥>j( n ) = ■> we denote by Sj = S^' 
and by Mj = M^K Note that Sj is just the ring S graded by the j-th. partial 
degree. 

The next lemma shows that the local cohomology modules behave well 
under a change of grading. 

Lemma 1.2.3 [HHR, Lemma 1.1] Let S be an r-graded ring defined over a 
local ring. Let A4 be the homogeneous maximal ideal of S. Let ip : U — > Z q 
be a morphism such that (^(suppS 1 ) C N q . For every r-graded S-module L, we 
have 



1.3 Multigraded a- invariants 

We begin this section by extending the definition of the a-invariants of a graded 
module to the multigraded case. After that, under some mild assumptions, 
we relate the multigraded a-invariants of a multigraded module to the shifts 
which appear in its multigraded minimal free resolution. This result will be 
essential in the next chapters. In the graded similar result can be found 

in [BH1, Example 3.6.15] for Cohen-Macaulay modules. 

Let S be a d-dimensional N r -graded ring defined over a local ring. For 
each i = 0, d, the multigraded Oj-invariant of S is aj(5) = (aj(S), a%(S)), 
where 

a\ (S) = max 
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if HJw('S') / and <4(S) = -oo otherwise. We will denote by a(S) = a d (S). 
Note that by Lemma 1.2.3 

aj'(S) = max{m G Z | ^.(S,)]™ ^ 0} = a* (£,-). 

Following N.V. Trung [Tr2], the multigraded a*-invariant of S is defined as 
a* (5) = (a* (£), al(S)), where ai(S) = max{ a 3 (S), ct^(S)}. Similarly, 
for any finitely generated r-graded S-module M we may define the a-invariants 
aj(M) of M and the a*-invariant a*(M) of M. 

Observe that if there exists Ks the canonical module of S , then 
a^'(5) = a j d {S) = - min {m £ Z | 3n £ Z r : <^-(n) = m, [if 5 ]n / 0}. 

If S has a canonical module Ks, S is said to be quasi- Gorenstein if there 
exists an r-graded isomorphism Ks = S(a(S)), and Gorenstein if in addition 
S is Cohen-Macaulay. 

From now on in this section we assume that S is a noetherian N r -graded 
algebra defined over a field k, and let M be its homogeneous maximal ideal. 
Our main purpose is then to compute the multigraded a-invariants of a finitely 
generated r-graded S-module M from an r-graded minimal finite free resolu- 
tion of M over S, whenever it exists and S is Cohen-Macaulay. To begin with, 
let us consider 

. . . D t ->■ . . . ->■ D 1 D -► 

an exact sequence of finitely generated r-graded S-modules such that 
Im(D p+ i) C MDp, for all p > 0. Let us denote by { v pq } the set of de- 
gree vectors of a minimal homogeneous system of generators of D p . Note 
that this set is uniquely determined because it can be obtained as the ho- 
mogeneous components of the vector space D p ®s k which are not zero. We 
set m p = min< lex { v pq } and M p = max< lei { v pq }, where < iex is the lexi- 
cographic order. Let us denote by n p = min ? {v^}, t p = max 3 {^}, where 
v pg = {v pq , ■ ■ ■ , v pq ), and n p = (n p , ...,n p ), t p = (t p , t p ). Let us also consider 
< the partial order in U defined coefficientwise. Then we have 

Lemma 1.3.1 (i) n p < n p+ i. 

(ii) m p <i ex m p+1 
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Proof. Let C p = Coker(IAp+i — > D p ), Vp > 1. Then there are short exact 
sequences 

-► £> P +i C p+ i ->0, Vp > 0. 

Applying the functor — ® s fc, we get exact sequences 

C p+2 /MC p+2 -► D p+ i/-MA>+i C p+1 /MC p+ i 0, Vp > 0. 

Since C p+ 2 C ,M-D p +i, then the first map is the zero morphism. Therefore we 
get isomorphisms 

D P+1 /MD P+1 C P+1 /MC P+1 . 

Let us denote by { e pq } a minimal homogeneous system of generators of D p 
with deg(e pg ) = v pq , and let / be the map from D p+ \ to D p . From the 
isomorphism it follows that /(e p +i g ) 7^ 0, for all q. Now let us fix q. We 
can write /(e p +i g ) = X)/ ^z e »i> where are homogeneous elements of Ai. Set 
deg(A z ) = (X},...,XJ) £ W and note that deg(A z ) / if A/ / 0. Looking at 
the j-th component of the degree, we get v p+lq > mhn{ v pl } = n p , and so 
n p+1 > n p for all j. 

To obtain (ii), it is enough to prove that v p +i, q >\ ex m p for all q. We have 
already shown that v p+lq > min;{ v pl } = m p . If v p+lq > m p , we are done. 
Otherwise, v p+l q = m p and so A* = for each I such that A/ 7^ 0. Then we 
have v p+l q > min/{ v pl \ v pl = m p } = m p . By repeating this argument, we 
get the result since there exist I, j such that X\ > 0. □ 

Let S be a d-dimensional r-graded Cohen-Macaulay /c-algebra. Assume 
that M is a finitely generated r-graded S'-module with a finite minimal r- 
graded free resolution over S 

—> D t —>...—> D ± —> D —> M —> 0, 

with D p = S(a pq , ...,a pq ). Set m = dimM, p = depthM. Note that 
I = d — p by the graded Auslander-Buchsbaum formula. Next we are going to 
study the shifts which appear in this resolution. 

Note that, with the notation introduced before, 

n p = mm q {-a pq }, 
tp — maXql & p q\ ■> 
m p = min< ie J {-a l pq , -a r pq )}, 



MULTIGRADED a-INVARIANTS 



7 



M p = max< ie J (-al g , -a r pq )}. 

We will also denote by t p {M) = tj, t{(M) = max{4, • • • , tj}, t*(M) = 
(tl(M), . . . ,tl(M)). From Lemma 1.3.1, we have n p < n p+ i, m p <\ ex m p+ i. 
Furthermore, 

Lemma 1.3.2 (i) M <i ex Mi < lex ■ ■ ■ < iex M d _ m _i < iex M d _ m . 

(a) t < ti < ■ ■ ■ < t d _ m _i < t d - m . 

Proof. Let K$ be the canonical module of S. Note that it exists because 
S is a finitely generated /c-algebra. By setting C p = Coker(Z? p+ i — > D p ) for 
p > 0, we get short exact sequences 

— ► C p+ i — ► D p — ► C p — > 0, 

for < p < / — 1, where Co = M, Q = D[. For any p < d — m — 1, we have 

Ext^(C p , K S ) = Ext|(C p _!, K 5 ) = ■ ■ ■ = Ext^ +1 (M, K s ) = 

by Theorem 1.2.1. Therefore, by applying the functor ( )* = Hom 5 ( , Kg) to 
the sequences above for p < d — m — 1 , we get exact sequences 

C; D* p C p * +1 0, for p < d - m - 2, 

where ( ) v = Hom fc ( , k). By gluing these exact sequences, we get the r-graded 
exact sequence 

_ D * - . . . - ^_ m _ : - Q_ m - ^(M) v - 0. 

Observe that D* = ® g Ks(—a pq , —a pq ). One can also check that Im(D*) C 
MD* +1 for all p < d — m — 2. 

Let {bi,...,bfc} be the set of degree vectors of a minimal homogeneous 
system of generators of Kg- If we denote by & pq = (a pq , a pq ), then the 
vectors a pg +bj are the degrees of a minimal homogeneous system of generators 
of D* . For p < d — m — 1 , let us consider 

% = min< ie J a pq + bj = -M p + min< (e J bj , 

Up = min ?;i { a pg + 6^} = -t£ + min;{ b 3 } . 
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According to Lemma 1.3.1, we have n 3 +1 < n J p and m p+ i <\ ex m p , so 

to < ti < ■ ■ ■ < trf_ m _2 < td-m-1 

M <lex Mi <i ex ■ ■ ■ <i ex M d _ m _ 2 <lex ^-d-m-1- 

Next we want to show that M^_ m >i ex ^-d-m-i- To this end, let us 
study the morphism D d _ m — > D^-m-i an d f° r that denote by z/ : C d ^ m — * 
Dd-m-i- Assume that there is an element u in the basis of Dd- m -i of de- 
gree Md_ m _i >^ e:E Mrf_ m . If g is a homogeneous minimal generator of C d - m , 
then (7 has trivial terms in u: Otherwise, we would have that Md_ m _i <i ex 
deg^ < iex M d _ m because C d _ m C MD d 

—m—i- Let b — min <;ea ,{ bi, b^}, 
and let us take c € [-Ks]b, c / 0. Let w : D d - m -i — ► defined by 
ly(-u) = c, u>(i>) = for any v ^ u homogeneous element in the basis of 
D d - m -i- Then v* : D* d _ m _ x — > CJ_ m satisfies !/*(«;) = 0, hence i/* is not a 
monomorphism in degree degu> = degu>(-u) — deg(u) = b — M^_ m _i. There- 
fore [CJ-m-ilb-Mrf^! / 0, and then [ J Drf_ m _ 2 ]b-M d _ m _ 1 / 0, so there exists 
a shift a = (a 1 , . . . , a r ) in D d - m -2 such that —a >i ex M ( ^_ m _ 1 . So we obtain 
M^_ m _2 >/ ea; M ( i_ m _i which is a contradiction. 

Furthermore, note that the first component of M p is tl. Therefore, we have 
td-m-i ^ *d-m since M d _ m _i < lex M d _ m . The inequalities t^_ m _ 1 < t> d _ m 
for j = 2, . . . , r follow directly from the next remark. □ 

Remark 1.3.3 Given a permutation a of {1, ... , r}, we may define < CT to be 
the order in IT defined by 

{u 1 ,...,U r ) < CT (t>i,...,t; r ) Kr(l),-,«<T(r)) <« e:E (^(i),...,^)). 

Then Lemmas 1.3.1 and 1.3.2 also hold if we define 

— a 
-(7 

The following result gives a formula for the multigraded a*-invariant of M 
by means of the shifts which arise in its resolution over S (see [BH1, Example 
3.6.15] for the case of a Z-graded Cohen-Macaulay module). 

Theorem 1.3.4 For each j = 1, . . . , r, we have 

(i) a d _ p (M) < P p (M) + aP(S), for d - m < p < d - p. 
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(ii) Assume that for some p there exists a s.t. a(l) = j and Mp > CT M^ +1 . 
Then a j d _ p {M) = t{{M) + a?{S). 

(Hi) a{{M) = ti(M) + ai{S). That is, a*(M) = t*(M) + a(S). 

Proof. From the minimal r-graded free resolution of M over 5 

— ► A — ► . . . — > Do — ► M — > 0, 

by setting C p = Coker(Z? p+ i — > we have short exact sequences 

— > C p+ i — > Dp — > C p — > 0, 

for < p < I — 1. By Theorem 1.2.1, if we apply the functor ( )* = 
Honi g ( ,Ks) to the sequences above we get exact sequences 

(1) o - D* - . . . - ^_ m _ x - C,*_ m - F^(M)v _> 0, 

and 

(2) -> C; -> D* p -> C; +1 -► 0, for p < d - m - 2, 

(3) - C;_, - £);_! - Cp* - H d M p {MY - 0, for;p>d-m, 

where ( ) v = Hom fe ( , fc). Note that for d — m < p < d — p we have monomor- 
phisms 

o c; - d; = K 5 (-ap 9 , • • • , 

and so [C*]_i = for any i such that i 1 > t p + a 1 (S). Now from the epimor- 
phisms 

C* p -+ H d M P (M) v -+ 0, 

we get H^ p (M)i = if i 1 > t\ + a 1 (S), and therefore aJ_ p (M) < t\{M) + 
a 1 (5). This proves (i) for the case j = 1. 

Assume now that there exists p with M p >i ex M p+ i (then p > d — m 
according to Lemma 1.3.2). Let b = (6 1 , . . . , b r ) be the minimum with respect 
to the lexicographic order such that [i^s]b 7^ 0. Note that b 1 = —a 1 (S). Let 
i = Mp — b. Since [-D* +1 ]_i = because M p >i ex M p+ i, we have [C* +1 ]_i = 
by (3), and so [C*]_i = [D*]_\ also by (3). Then, denoting by / : D p — > Dp-i, 
we get an exact sequence 

[d^U £ [d;u [nfr{M)]\ - o. 
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Let ei, . . . , e s be the elements of the canonical basis of D p with degree M p , 
and let v±, . . . ,v m be the canonical basis of D p -\. Since f*(D*_ 1 ) C MD* 
and [D*]_i = [K s ]be* © ••• © [^s]be*, we have that [Ks\he\ <£. Im/*. In 
particular, /* is not an epimorphism, and so [#^j~ p (M)]i 7^ 0. Therefore, 
a d- P ( M ) >i 1 = M^-b 1 = tl(M) + a 1 (S). This proves (ii) for the case j = 1, 
a = Id. 

Let p be the greatest integer such that M p = max< lei {Mo, . . . , M/}. Then, 
M p+1 < lex M p , so aJ_ p (M) = tp(M) + a 1 ^) by (ii). Therefore, a\{M) = 
t\{M) + a 1 (S') and we have (iii) for j = 1. The proof of the statement for 
j = 2, ...,r follows from Remark 1.3.3. □ 



1.4 Scheme associated to a multigraded ring 

Let S be a noetherian N r -graded ring. We call S standard if S may be gener- 
ated over So by elements in degrees (1, 0, . . . , 0), . . . , (0, . . . , 0, 1). Similarly to 
the graded case, we may associate to such a ring a multigraded scheme in a 
natural way (see [Hy]). Our purpose is to extend this construction to a more 
general class of multigraded rings, which will recover the standard case as well 
as the Rees algebra of any homogeneous ideal in a graded /c-algebra. 

Let 5 be a noetherian N r -graded ring finitely generated over So by 
homogeneous elements x\\ , . . . , xi^ , ■ ■ ■ , x r \ , . . . , x r k r of degrees deg (xij) = 
(djj, . . . , dlj 1 , 1,0,..., 0), where d\j are non-negative integers, and set d\ = 
maxj{c^}. This class of rings includes for instance any standard N r -graded 
ring by taking d\j = 0. For every i = 1, . . . , r, let I{ be the ideal of S gen- 
erated by the homogeneous components of S of degree n = (m, . . . , n r ) such 
that rii > 0, Wj+i = . . . = n r = 0. Then we define the irrelevant ideal of S as 
S+ = I± - ■ ■ I r . We are going to associate a scheme to S in the following way. 
A homogeneous prime ideal P of S is said to be relevant if P does not contain 
S+. Then we define the set Proj r (S) to be the set of all relevant homogeneous 
prime ideals P. It is easy to check that dim S/P > r for any relevant prime 
ideal (see the proof of Lemma 1.4.1). Following [STV] (where the standard 
bigraded case was studied), we define the relevant dimension of S as 



rel.dim S = 



r-1 ifProj r (S) = 

max{ dim S/P \ P € Proj r (5)} if Proj r (S) + 
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If I is a homogeneous ideal of S, we define the subset V + (I) := {P G 
Proj r (S) | I C P}. We can define a topology on Proj r (S) by taking as 
closed subsets the subsets of the form V+(7). Next, to define a sheaf of rings 
in Proj r (S), we first consider for each P 6 Proj r (£) the homogeneous 
localization by P 

S (P) = {-\s&P, a,s £ S n , n € Z r }. 

s 

For any open subset U C Proj r (S'), we define 0(U) to be the set of functions 
t : U UpgC/ S(p) such that for each P £ {/, i(-P) £ SVp) and t is locally a 
quotient of elements of S. Then, O is a sheaf of rings. We call Proj r (S) the 
r-projective scheme associated to S. Defining for any homogeneous / € S+ 
the set D + (f ) = {P £ Proj r (£) | / g" P} we have an open cover of Proj r {S), 
and for each such open set we have an isomorphism of locally ringed spaces 

(D + (f),0\D + (f))^Spec(S if) ). 

Moreover, Op = 5(p) for any relevant prime ideal P, hence Proj r (S') is a 
scheme in a natural way. This construction extends the usual one given in the 
standard case (see [Hy]). 

The next lemma computes the dimension of Proj r (S). Its proof follows 
the same arguments as in [Hy, Lemma 1.2], but we include it for completeness. 

Lemma 1.4.1 dim Proj r (S) = rel.dimS 1 — r. 

Proof. We may assume that Proj r (S) / (otherwise the result 

is trivial). Let P G Proj r (S) be a closed point. Since the projection 
Proj r (S) — ► Spec(So) is proper, we have that Pq = P n So is a closed point 
of Spec(So), so (S/P) = S /P is a field. Let us denote by T = S/P, 
and note that dim Proj r (T) = 0. For j = l,...,r, let Jj be the ideal of 
T generated by the homogeneous components of T of degree n such that 
rij > 0, rij + i = ... = n r = 0. We have a maximal chain of homogeneous prime 
ideals 

C J r C J r _i + J r C . . . C Ji + . . . + J r , 

so dimT = r because T is a catenary ring. On the other hand, for a given 
minimal prime Qq 6 Proj r (S), we have a chain of homogeneous prime ideals 
of type Qo C . . . C Q s C . . . C Q s + r , with Q s a closed point of Proj r (S). 
Therefore, 
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dimProj r (5) = sup{htQ : Q e Proj r (5)} 

= sup{dim5/Q : Q G Proj r {S)} - r 
= rel.dim S — r.O 

Next we are going to define the diagonal functor. Given ei,..., e r positive 
integers, the set 

A := {(eis, ...,e r s) \ s £ Z} 

is called the (ei, e r )-diagonal of IT . We may then define the diagonal of 
S along A as the graded ring 5a := s gz S(eis,...,e T s)- Similarly, given an 
r-graded 5-module M we define the diagonal of M along A as the graded 
5A-module Ma := sez ^(eis,...,e r s)- Then we have an exact functor 

() A :M r (S)^M 1 (S A ), 

called diagonal functor. 

Let us denote by X = Proj r (5), and for each A, let X A = Proj (5a)- By 
considering diagonals A = (e±, . . . , e r ) such that e r > 0, e r _i > d^~ 1 e r , . . ., 
e\ > d\e2 + . . . + dj.e r , then the sheaf of ideals £ = (5( ei) ...^ r )) ®x defines an 
isomorphism X — —> X A . In particular, this isomorphism allows us to compute 
the dimension of 5a, extending [STV, Proposition 2.3] where this dimension 
was computed for bigraded standard fc-algebras. 

Lemma 1.4.2 Assume that So is an artinian local ring. Then dim 5a = 
rel.dim S—r + 1, for any A = (ei, . . . ,e r ) with e r > 0, e r _i > d T r ~ l e r , . . . ,e\ > 
d\e2 + • • • + d\e T . 

Proof. From the isomorphism X = X&, we have that rel.dim 5a = 
rel.dim 5 — r+ 1 by Lemma 1.4.1. Moreover, since 5o is artinian, any minimal 
prime ideal of 5a is relevant, and so rel.dim 5a = dim 5a- □ 

Classically, 5 is the multihomogeneous coordinate ring of a multiprojective 
variety V contained in some multiprojective space P^ 1 x . . . x P^ r . By taking 
the (1, . . . , l)-diagonal, 5a is then the homogeneous coordinate ring of the 
image of V via the Segre embedding P^ -1 x . . . x P]! r — »■ F% , where N = 
(m + 1) . . . (n r + 1) - 1. 
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1.5 Hilbert polynomial of multigraded modules 

Let S = © ngN r S n be an r-graded ring denned over an artinian local ring So = 
A. If S is standard, then we have that the Hilbert function of any finitely gen- 
erated r-graded S- module L, H(L, n) = lengtliA(L n ), is a polynomial function; 
that is, there exists a polynomial Pl^i, . . . ,t r ) £ Q[ti, ■ ■ ■ ,t r ], called Hilbert 
polynomial of L, such that for any n » 0, Pi(ni, . . . , n r ) = lengthy (L n ) (see 
[HHRT] , [KMV] ) . In this section we are going to extend the existence of such 
a polynomial for the larger class of finitely generated r-graded modules de- 
fined over the multigraded rings introduced in Section 1.4. Furthermore, we 
will state a formula for the difference between the Hilbert polynomial and the 
Hilbert function of any finitely generated r-graded module analogous to the 
one known in the graded case. 

Let 5 be a noetherian N r -graded ring generated over So = A by ho- 
mogeneous elements ecu, . . . , xu :i , . . . , x r \, • • • , x r f tr in degrees deg(xjj) = 
(4, . . . , 4j\ 1,0,..., 0), where d% > 0. Set d\ = max^}. 

Given a finitely generated r-graded S- module L, let us define its homo- 
geneous support as Supp + (L) = {P G Proj r (S) \ Lp / 0}. Note that 
Supp + (L) = y + (AnnL) is a closed subset of Proj r (S). We define the rele- 
vant dimension of L as 



One can check that rel.dim L = dim Supp + L + r. 

From now on in this section we will assume that A is an artinian local ring. 
Given a finitely generated r-graded S-module L, its homogeneous components 
L n are finitely generated ^4-modules, and hence have finite length. The nu- 
merical function H(L, • ) : IT — > Z with H(L,n) = lengtliA(L n ) is the Hilbert 
function of L. Next result shows the existence of the Hilbert polynomial for 
any finitely generated r-graded 5-module. 

Proposition 1.5.1 LetL be a finitely generated r-graded S-module of relevant 
dimension 5. Then there exists a polynomial Pl^i, ■ ■ ■ ,t r ) £ Q[ti, ■ ■ ■ ,t r ] of 
total degree 5 — r such that H(L, i±, . . . ,i r ) = Pl(h, ■ ■ ■ ,i r ) for i\ 3> d\%2 + 
. . . + d\i r , . . . , i r -i 3> d r ~ l i r , i r 3> 0. Moreover, 




P L (t 1 ,...,t r )= Yl 



|n|<5-r 



( 



h - 4 




) 



( 




) 
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where a n G Z, a n > i/ |n| = 6 — r. 

Proof. Given a finitely generated r-graded S'-module L, first note that there 
is a chain 

= L C Li C . . . C L s = L 

of r-graded submodules of L such that for each i>l, Li/L^-i = (S , /Pj)(mj), 
where Pj £ SuppL is a homogeneous prime ideal and rrij 6 Z r . Indeed, we may 
assume L / 0. Choose Pi £ AssL. Then Pi is a homogeneous prime ideal, 
and there exists an r-graded submodule L\ C L such that Li = (5/Pi)(mi). If 
Li / L, by repeating the procedure with L/L\ we get an r-graded submodule 
L2 C L such that L2/L1 = (5/P2)(m2). Since L is noetherian, this process 
finishes after a finite number of steps. From this chain, we obtain 

s 

H(L,n)=Y / H(S/P i ,n + m i ). 

i=i 

So it is enough to prove the result for the rings T = S/P, with P a homoge- 
neous prime ideal. To this end, we will reduce the problem to the standard 
case where the result is already known. 

Set B = Tq. Let us consider T C T the P-algebra generated by the 
homogeneous elements of T of degree (ei, . . . , e r ) such that 

e r -2 > dr-l e r-l + dr~ 2 e r 

ei > d\e 2 + • • • + dje r . 

Then 0116 lias T n — T n for each nef satisfying the inequalities before. Let 
us consider the morphism 

ip : Z r — ► Z r 

Note that V'(suppT) C N r , so is again a N r -graded ring. Furthermore, we 
have rel.dimT^ = rel.dimT = rel.dimT = 5. If is standard, by [HHRT, 
Theorem 4.1] there exists a polynomial Q(t±, . . . , t r ) £ Q[t\, . . . ,t r ] of total 
degree 5 — r 
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with a n € Z, a n > if |n| = 5 — r such that for i 3> 

. . . , i r ) = lengthelT^ ] (ilv .. )ir) . 

Then, by defining P(t\, . . . ,t r ) = Q(t\ — d\t2 — ... djt r , . . . , i r _i - cZ£ _1 i r , t r ), 
let us observe that for i\ » d\i2 + • • • + d\i r , . . . , i r -\ » d£ _1 i r , i r 3> 0, we 
have 

. . . , i r ) = lengthe [T V '] (il _ d i i2 _..._ d i iri ..., ir _ 1 _ dr i iriir) 

= length B [T] (ili ... iir ) 

= length A [T] (il> ... jir) , 

so we get the statement. 

Therefore we only have to prove that T is standard or, equivalently, that T 
can be generated over B by homogeneous elements in degrees (e±, . . . , e r ) such 
that e i+ i = . . . = e r = 0, a = 1, ej_i = d-" 1 ^, ej_ 2 = d l ~_\ei-i + d l ~ 2 ei, 
ei = + ... + djei. Assume that T is generated over B by 

homogeneous elements zn, . . . , zi/ Cl , . . . , z r i, . . . , z r k r in degrees deg (zij) = 
(djj, . . . , dlj 1 , 1,0,..., 0). Let us take a homogeneous element z in T, with 
degz = (a±, . . . , a r ). Let j be such that ^ 0, a^+i = . . . = a r = (J is if 
z & B). We are going to prove by induction on j that z can be generated over 
B by the homogeneous elements whose degrees satisfy the equalities before. 
If j = 0, there is nothing to prove. If j = 1, then deg z = (a±, 0, . . . , 0) and 
we can write z as a linear combination with coefficients in B of products of 
a\ elements among zn, . . . , zi^, so the result is trivial. Assume now that 
j > 1. By forgetting the first component of the degree, we have by induction 
hypothesis that z can be written as a sum of terms of the type \w\ . . .wi with 
A G B[zn, . . . , zifcj, and the degree of the elements Wi satisfying the r — 1 first 
equalities. Set degu^- = (sj, . . . , sp, deg A = (s, 0, . . . , 0). We will finish if we 
prove that 

l 

ax > J2(dWj + ■■■ + d 1 r s r j ). 

But note that a\ > d\a<i + . . . + d\a T = Ylj=i d\s 2 j + • • • + d],s r y □ 

Our next aim will be to study for a given finitely generated r-graded S- 
module L, the A-modules H l s+ (L) n for i > 0, n G Z r . We need two previous 
lemmas. 
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Lemma 1.5.2 Let L be a finitely generated r-graded S-module such that 
(S + ) U L = for an integer u. Then there exits m = (mi, . . . , m r ) £ IT such 
that 

L n = 0, 

for n = (m, . . . , n r ) such that n\ > d\ri2 + . . . + d\n r + m\, . . . , n r _i > 
d r r r l n r + m r _i ; n r > m r . 

Proof. Since there exists u £ Z such that (S + ) U L = 0, we have Supp + (L) = 
V + (AimL) C V + {S + ) = 0, so rel.dimL = r — 1. Then the result follows from 
Proposition 1.5.1. □ 

Lemma 1.5.3 (Homogeneous Prime Avoidance) Let Pi, ... , P m £ Proj r (>S). 
// / is any homogeneous ideal of S such that I gt Pi for i = 1, . . . ,m, then 
there is a homogeneous element a such that a £ I, a Pi U ... U P m . 

Proof. We may assume that Pj <£_ Pi for i ^ j, so for a given i, we have 
that for any j ^ i there exists a homogeneous element pij £ Pj, pij Pj. 
Then pi = Ylj^iPij satisfies that pi Pj, but pi £ Pj for all j ^ i. Next 
we may take homogeneous elements 6 J, Pj for z = 1, ...,m. Set 
degajpi = (aji, • • • ,cti r ). Since 5+ {Z! P«, there exists an element of the type 
Pj. So multiplying each by a power of the corresponding 
x r j r we can assume that ai r = . . . = a mr = a r . Then, multiplying by suitable 
powers of each x r _i Jr _ 1 we may also assume that ai >r _ i = . . . = a mjr _i = 
a r _i. By repeating this procedure as many times as necessary, we can assume 
at the end that deg(aipi) = ... = deg(a m p m ) = (a±, . . . , a r ). Now a = 
a\p\ + . . . + a m p m is homogeneous and a £ I, a Pi U . . . U P m . □ 

Now we are ready to prove that if L is a finitely generated r-graded S- 
module, then the A-modules H l s+ (L) n are finitely generated for all n £ Z r , 
i > 0, and vanish for all sufficiently large n. Here, the artinian assumption 
on A is not necessary. In the graded case, this is a classical result due to J.P. 
Serre. 

Proposition 1.5.4 Let L be a finitely generated r-graded S-module. Then 

(i) For all i > 0, n € IT , the A-module H l s+ (L) n is finitely generated. 

(ii) There exits m = (mi, . . . , m r ) £ U such that H l s (L) n = for all 
i > 0, n = (m, . . . , n r ) such that n\ > d\n2 + . . . + d\n r + mi, . . . , 
n r _i > d£ _1 n r + m r -i, n r > m r . 
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Proof. We will follow the same lines as the proof of the graded version in 
[BroSha, Proposition 15.1.5]. We will prove by induction on i that H l s+ (L) n 
is a finitely generated ^4-module for all n G Z r , and that it is zero for all 
sufficiently large values of n. This proves the statement because H l s+ (L) = 
for all i greater than the minimal number of generators of S+. 

Assume i = 0. Then H S+ {L) is a finitely generated r-graded S'-module 
since it is a submodule of L, and so H s (L) n is a finitely generated A-module 
and there exists u G N such that (S + ) U H S+ (L) = 0. Then, according to 
Lemma 1.5.2 there exists m G IT such that H s+ (L) n = for n\ > d\ri2 + . . . + 
d l r .n r + mi, . . ., n r _i > d£ -1 n r . + m r _i, n r > m r . 

Now let us assume i > 0. From the r-graded isomorphism H s (L) = 
H s (L/H s (L)), we may replace L by L/H S+ (L) and then assume that 
H s (L) = 0. Then S+ <f_ P for all P G Ass(L), and so by the Prime 
Avoidance Lemma there exists a homogeneous element x £ S+ of degree 
k = . . . , k r ) such that x P for all P G Ass(L). Looking at the proof of 
the Prime Avoidance Lemma, notice that we can choose x such that k satisfies 
k\ > d\k2 + • • • + d^kr, . . ., k r -\ > d r r ~ l k r . Then we get an r-graded exact 
sequence 

L(-k) L -> L/xL -» 0, 
which induces for all n G Z r the exact sequence of ^4-modules 

Hg-\L/xL) a ^H s+ (L) n _ k ^Hg + (L) n . 

By the induction hypothesis, there exists m G IT such that H s ^ 1 (L/xL) n = 
for all n = (m, . . . , n r ) such that ni > d\n2 + . . . + d\n r + mi, . . . , n r _i > 
d r r ~ l n r + m r _i, n r > m r . Now let n verifying these inequalities. Then note 
that for any s > 1, n + sk also satifies them, and so we have exact sequences 

H % S+( L )n~k ^S + (-^)n+(s-l)k • 

Since H S+ (L) is S^-torsion and x G 5+, we have -ff i 5 + (^) n -k = 0. Therefore, 
by taking m = m — k, we obtain H s (L) a = for all n such that n\ > 
d\n,2 + . . . + d\n r + mi, . . . , n r _i > c^! _1 n r + m r _i, n r > m r . 

Now let us fix n G Z r . If ni > c?2n2 + . . . + d\n r + mi, . . . , n r _i > 
d' r r x n r + m r _i, n r > m r , we have that H s+ (L) n = 0, and so it is a finitely 
generated A-module. Otherwise, let us take y G S + such that y G" UpgAss(L) P 
with degree 1 = (Zi, . . . , l r ) such that n + 1 satisfies the previous inequalities 
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(we can find such a y by the Prime Avoidance Lemma). Then we have the 
graded exact sequence 

H* s+ l (L/yL) n+l -+ lP s+ (L) n lP s+ (L) n+l = 0, 

and from the induction hypothesis we also have that H l ^ 1 (L/yL) n+ i is a 
finitely generated A-module, and so H l s+ (L) n . □ 

We have already shown that the Hilbert function of any finitely generated 
r-graded S-module is a polynomial function for large n. Our next result 
precises the difference between the Hilbert function and the Hilbert polynomial 
for any n. 

Proposition 1.5.5 Let L be a finitely generated r-graded S -module. Then for 
all n € Z r 

H(L, n) - P L (n) = ^(-l) 9 length A (H^ + (L) n ). 
i 

Proof. We will follow the proof of the graded version from [BH1, Theorem 
4.3.5]. For an arbitrary finitely generated r-graded S'-module L, let us define 
the series 

H' L ( Ul , ...,u r )= E„ eZ r(# (L, n) - P L (n))u n 

H>>( Ul , ...,u r ) = E nez . ( E 9 (-l) 9 length A (H§ + (L) n ) )u" 

We will prove the statement by induction on 5 = rel.dimL. If 8 = r — 1, 
then Supp + L = 0, and so there exists m such that ST C Ann(L). Therefore 
Hg + (L) = L, and hence the result is trivial. Assume now 5 > r, and let 
us consider L = Lj Hg + (L). Since H^ + (L) is a finitely generated r-graded 
S- module which is vanished by some power of S + , there are integers i±, . . . ,i r 
such that Hg + (L) n = for n\ > d\n2 + - ■ .+dj.n r +ii, . . ., n r _i > d^ 1 n r +i r -i, 
n r > i r . So we have Pl{^) = an< ^ ^ s enou §h to prove the result for L 

because then, for all n = (m, . . . , n r ) 

H(L, n) - P L (n) = H(L, n) + length A (H0 + (L) n ) - P r (n) 

= E g (-l) 9 length A (H^ + (L) n )+length A (H§ + (L) n ) 

= E 9 (-l) 9 length A (Hg + (L) n ). 

So let us assume Hg + (L) = 0. Then S+ P for all P £ Ass(L), and so by 
the Prime Avoidance Lemma there exists a homogeneous element x £ S+ of 
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degree k = (k\, . . . , k r ) such that x P for all P G Ass(L). Then we have the 
r-graded exact sequence 

-► L(-k) ->■ L ->■ L/xL -► 0, 

with rel.dim L/xL < rel.dimL. Note that H(L/xL, n) = n)— i?(L, n— k) 
for all n, and so Pl/ x l(^) = -PtX*) — -PtXt - k). We conclude #£/ X £,( u ) = 
(1 — u k )ff£(u). From the long exact sequence of local cohomology, we also get 
H'l/ xL (u) = (1 — u k )H'[(u). By the induction hypothesis, we have H' L ^ xL (u) = 
tf" (u)andsoi^(u)=i^(u). □ 
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Chapter 2 

The diagonals of a bigraded 
module 

Throughout this chapter we will study in more detail the diagonal functor in 
the category of bigraded S'-modules, where S = k[Xi, . . . , X n , Yi, . . . , Y r ] is the 
polynomial ring in n + r variables with the bigrading given by deg(Aj) = (1,0), 
deg(lj) = (dj,l), and di,...,d r > 0. This category includes any standard 
bigraded fc-algebra, by taking d± = . . . = d r = 0, as well as the Rees ring and 
the form ring of a homogeneous ideal in a graded /c-algebra, when those rings 
are endowed with an appropiate bigrading (see Section 2.3). 

For a given c, e positive integers, let A be the (c, e)-diagonal of 1? . Our 
purpose is to study the exact functor ( )a : M 2 (S) — > M 1 (Sa) (see Chapter 
1, Section 4). We are mainly interested in studying how the arithmetic proper- 
ties of a bigraded S- module L and its diagonals La are related. Most of these 
properties, like the Cohen-Macaulayness or the Gorenstein property, can be 
characterized by means of the local cohomology modules. So it would be very 
useful to relate the local cohomology modules of L with the local cohomology 
modules of its diagonals. This has been done by A. Conca et al. in [CHTV] 
from the study of the bigraded minimal free resolution of L over S, after devel- 
oping a theory of generalized Segre products of bigraded algebras. In Section 
2.1 we are going to present their results by a different and somewhat easier 
approach. In addition, this approach will provide more detailed information 
about several problems concerning to the behaviour of the local cohomology 
when taking diagonals. 

In Section 2.2 we focus our study on standard bigraded fc-algebras. For 
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a such fc-algebra R, let TZ± = 0j eN -R(j,o)> ^2 = 0jeN-^(o,j)- m this case, 
we give a characterization for i? to have a good resolution in terms of the 
a*-invariants of 1Z\ and IZ2 which, in particular, provides a criterion for the 
Cohen-Macaulayness of its diagonals. We also find necessary and sufficient 
conditions on the local cohomology of TZ± and IZ2 for the existence of Cohen- 
Macaulay diagonals of R, whenever R is Cohen-Macaulay. 

Given a homogeneous ideal / in a graded /c-algebra A, the Rees algebra 
Ra{I) = ©„>o ^ n of / can be endowed with the bigrading Rjy(I)^j\ = (P)i- 
The last section of the chapter is devoted to study the diagonals of the Rees 
algebra. In the case where A is the polynomial ring, we will show that if 
the Rees algebra is Cohen-Macaulay then there exists some diagonal with this 
property, thus proving a conjecture stated in [CHTV]. Furthermore, we will 
give necessary and sufficient conditions on the ring A for the existence of a 
Cohen-Macaulay diagonal of a Cohen-Macaulay Rees algebra. 



2.1 The diagonal functor on the category of bi- 
graded modules 

Let S = k[X±, . . . , X n , Yi, . . . , Y r \ be the polynomial ring in n + r variables 
over a field k with the bigrading given by deg(A^) = (1, 0), deg(lj) = (dj, 1), 
where d±, . . . , d r > 0. Set d = maxjdi, . . . , d r }, u = Y^j=i dj- Let us denote 
by A4 the homogeneous maximal ideal of S. Note that the irrelevant ideal 5+ 
of S is the ideal generated by the products XiYj, for i = 1, . . . , n, j = 1, . . . , r. 

Given c, e positive integers, let A be the (c, e)-diagonal of I?. For any 
bigraded S'-module L, let us recall that the diagonal of L along A is defined 
as La := S( =z I j (cs,es)i which is a graded module over the graded ring Sa := 
© s >o S(cs,es)- O ur first lemma computes the dimension of the diagonals of a 
finitely generated bigraded S'-module. 

Lemma 2.1.1 Let L be a finitely generated bigraded S-module. For A = (c, e) 
with c > de + 1, dim La = rel.dim L — 1. 

Proof. The proof follows the same lines as the one given for the bigraded 
standard case by A. Simis et al. in [STV, Proposition 2.3]. Set 5 = rel.dim L. 
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According to Proposition 1.5.1, there is a polynomial P(s,t) € Q[s,t] of total 
degree 5 — 2 of the type 



. v-^ I s — dt\ 1 1 

p( s ,t)= Yl a ki\ 

k+l<5-2 



k / U 



with a^i > for any k, I verifying k + I = 5 — 2 such that for i 3> dj, j 3> 0, 
P(i,j) = dinife Luj\ . For any c > de + 1, let us consider the polynomial 
Q(it) = P(cu, eu) G Q[it]. Then Q(u) = dirrifc L< cueu \ = dirrifc(LA)« for u large 
enough and deg Q(u) = 5 — 2. Therefore dim La = 5—1. □ 

From now on in the chapter we will always consider diagonals A = (c, e) 
with c > de + 1. The next two propositions are inspired in some results and 
techniques used by E. Hyry in [Hy]. The first one shows how the local coho- 
mology modules of L with respect to S+ are related to the local cohomology 
modules of La with respect to Ma- 

Proposition 2.1.2 Let L be a finitely generated bigraded S-module. Then 
there are graded isomorphisms 

HI + (L) a ^H« Ma (L a ) ,Vg. 

Proof. Let M be the ideal of S generated by M a- Observe that y/S+ = n/AT, 
so we immediately get a bigraded isomorphism iLj. + (L) = Hj^(L), \fq > 0. 
Denoting by g\, . . . ,g s a fe-basis of S^e), we have that N can be generated 
by #i , . . . , g s . So we may compute the local cohomology modules of L with 
respect to N from the Cech complex built up from these elements 

C : ->■ C° ->■ C 1 ->■ . . . ->■ C s -» 0, 

l<il<i2<---<'k<s 

with the differentation : C* — ► C t+1 defined on the component 



to be the homomorphism (-l) m - 1 nat : /-.,,,. ,._,..,„.. -► (L^^...^ ) 9jm if 
{ii, . . . ,i t } = {ji, . . . ,j m , . . . ,j t +i}, and otherwise. Then H q M (L) ^ H q (C'). 
We can also consider the Cech complex associated to La built up from 
9i,---,9s 

D : -> D° -> D 1 -> . . . -> D s -> 0, 
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D * — (B (LA)g n g i2 ...g H , 

l<ii<i2<. ..<it<s 

with the differentation 5 l : D t — ► D <+1 defined on the component 

{LA)g n g i2 ...g it ► {L a) g J1 g J2 ...g Jt g H+1 

to be the homomorphismj-l^-W : i I- A )g, : .</..,....</,. -»• (.(LA)g il g i2 ...g it )g jm 
if {n, . . . = {ji, . . . , j m , . . .,jt+i], and otherwise. Then i^, A (L A ) = 
if«(D - ). Note that d*|D* = £*, so we have (Kerd*) A = KerJ', (Imd*) A = 
Im<5*. Therefore we may conclude H q M (L) A = H q Ma (L a ). □ 

Now, let Si, £2 be the bigraded subalgebras of 5 defined by Si = 
fe[Xi, . . . , X n ], S2 = k[Yi, ... ,Y r ], and note that the ideals mi = (X\, X n ) 
and rri2 = (Yi, . . . ,Y r ) are the homogeneous maximal ideals of Si and S2 re- 
spectively. Then let us define A4i to be the ideal of S generated by mi and 
M2 to be the ideal of S generated by rri2. Note that Mi + M2 = M and 
M.\ n M.2 = S_|_. Therefore we have 

Proposition 2.1.3 Let L be a finitely generated bigraded S-module. There is 
a natural graded exact sequence 

... - H q M (L) A - flXfcWA © ^ 2 Wa - H^JLa) A H%\L) a - ... 

Proof. We get the result by applying the diagonal functor to the Mayer- 
Vietoris sequence associated to Mi, M2 and by then using Proposition 2.1.2. 
□ 

As a first consequence we may recover the following result by A. Conca et 
al. in [CHTV]. 

Corollary 2.1.4 [CHTV, Theorem 3.6] Let L be a finitely generated bigraded 
S-module. For all q > 0, there exists a canonical graded homomorphism 

<pl:H* MA {L±)^Hft\L)±, 

which is an isomorphism for q > max{n, r}. 

Proof. Since A4i is generated by n elements, we have that Hj^ (L) = for 
any q > n. Similarly, Hj^ 2 (L) = for any q > r. Now, the corollary follows 
from Proposition 2.1.3. □ 

Moreover, let us also notice that Proposition 2.1.3 precises the obstructions 
for ip q L to be isomorphism. Denote by [tp q L ] s : H q MA (L A ) s -> H q ^ l (L)^ CSyes) the 
component of degree s of the map (p q L . Then we have 
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Corollary 2.1.5 Let L be a finitely generated bigraded S-module. For a given 
s G Z, i/ie following are equivalent 

(i) [ip q L ] s is an isomorphism, for all q > 0. 

(**) H MS L )i.cs,es) = H M 2 ( L \cs,es) = 0, for all q>0. 

In particular, (p q L is an isomorphism for all q > if and only if H q Mi (L)& = 
H q M2 (L) A = for allq>0. 

Therefore, the obstructions for the maps tp q L to be isomorphisms are located 
in the vanishing of the local cohomology modules with respect to M\ and Mi- 
So our next goal will be to study these local cohomology modules. For that, 
let us consider 

A -► ► £>i ^ D ^ L^O 

the Z 2 -graded minimal free resolution of L over S. For every p, D p is a finite 
direct sum of 5-modules of the type S(a, b). If we apply the diagonal functor to 
this resolution, we get a resolution of La by means of the modules S(a,b)^- 
Let us begin by studying the local cohomology modules of the bigraded S- 
modules obtained by shifting S with degree (a, b). 

First, let us fix some notations. For a = (ai, . . . ,a n ) € Z n , and (3 = 
AO € IT, we write X a for the monomial X? 1 • • • I n "» and Y 13 for 
the monomial Y^---Y^. Note that deg(X Q ) = 0), deg(y /3 ) = 

(Z)i=i di(3i,J2i=i Pi)- We will write a < (or a > 0) if all the components of 
a satisfy this condition, and the same for (3. Then we have: 

Proposition 2.1.6 Let a,b € Z. 

(i) 

q JO ifq^n 

H q Ml (S(a, b)) = | ( fcX a y/3)(0) h) ifq = n 



(ii) 



q JO ifq^r 

H q M2 (S(a,b)) = | (0a ^ /J<ofcjr «y/J )(a>6) ifq = r 



Proof. Since S(a, b) is a free Si-module with basis the monomials in 
the variables Yi,...,Y r , we have that H q Mi (S{a,b)) = for all q / n, and 
^(5(0,6)) = (© /3 > iJ- 1 (5 1 )y/ 3 )(a,6) = ( a<Oi/3 > o A;X^)(a, 6). By 
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taking into account that 5(a, b) is a free 52-module with basis the mono- 
mials in the variables X±, . . . , X n , we also get Hj^ (S(a, b)) = for all q 7^ r, 
and H r M2 (S(a,b)) = ( a > o H r m2 (S 2 )X a )(a, b) = (® a ^ <0 kX a Y^(a,b). □ 

Corollary 2.1.7 Let a,b G Z. 



supp(FX, 1 (5(a,6)) A ) = { {s G z 1 _6 < s < ?/(? 
supp( i^ 2 (5(a,6)) A ) = 



ifq^n 





{sEZ\ ^-J- <s<=^} zfq = r 



Proof. From Proposition 2.1.6, a straightforward computation gives the 
support by taking into account that a monomial X a Y^ in H^ 4i (S(a,b)) has 
degree (p, q) with p = Ya=i a % + Sj=i ^7^j ~~ a an d (/ = Yfj=i Pj ~ b. Similarly- 
one gets (ii). □ 

For a real number x, let us denote by [x] = max{n G Z | n < x} the integral 
part of x. The following corollary gives necessary and sufficient numerical 
conditions for 5(a, 6) a to be Cohen-Macaulay in terms of the diagonal A and 
the shift (a, b). In particular, notice that 5a is Cohen-Macaulay for any A. 



Corollary 2.1.8 [CHTV, Proposition 3.4] Assume n, r > 2. For any a, b £ Z, 

>d—a—r 
c—ed 



S(a, 6) a is a Cohen-Macaulay S/\-module if and only if [ bd c _° d " ] < and 



r -fe-r l ^ (b+r)d~u-a 
I e J ^ c-ed 

Proof. Since 5 is a domain, we have that rel.dim 5(a, b) = rel.dim5 = 
dim 5 = n + r, and so dim 5(a, 6) a = n + r — 1 by Lemma 2.1.1. Therefore, 
5(a, 6) a is Cohen-Macaulay if and only if H q M ^(S(a 1 b)^ L ) = for any g < 
n + r — 1. By Proposition 2.1.3, note that for q < n + r — 1 we have that 

i?X lA (5(a,6) A ) = ^ 1 (^ fo ))A © ^ 2 (^ 6 ))a- 

Since n, r > 2, we get n + r — 2 > n, r, and then the result follows from 
Corollary 2.1.7. □ 

Remark 2.1.9 Note that if n = r = 1, the proof above shows that 5(a, 6)a is 
always Cohen-Macaulay. In the case where n > 2, r = 1, we get that 5(a, 6)a 
is Cohen-Macaulay if and only if [ ~ b ~ r ] < {P+iMz^l^i ; while if n = 1, r > 2, 
5(a, 6) A is Cohen-Macaulay if and only if [ bd ~_°X ] < 
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For simplicity, from now on we will assume n,r > 2. Now, let L be a 
finitely generated bigraded S'-module. For any p > 0, let us denote by Q Pt L 
the set of shifts (a, b) which appear in the place p of its bigraded minimal free 
resolution, and Ql the union of all these sets. Often we will write Q p , O if 
there is not danger of confusion with respect to the module L. The next result 
relates the local cohomology of the diagonals La of L to the local cohomology 
of the diagonals S(a, b) a of the modules S(a, b) which arise in its minimal free 
resolution. 

Proposition 2.1.10 Let L be a finitely generated bigraded S-module. Then 

(i) If H q Mi (L)( cs es ^ / 0, then there exists a shift (a,b) G ^ n -<j,L such that 
H^{S{a,b)) {cStes) ^ 0, andso^<s< 

(ii) If Hj vt2 (L)( cs es ') 7^ 0, then there exists a shift (a, b) G Q r - qi L such that 
H r M2 (S( a ,b)) {cStes) ± 0, and so ib+r ^~ a <s<^. 

Proof. To prove (i), let — > D t — > . . . — ► Dq — > L — > be the bigraded 
minimal free resolution of L over 5. By considering C p = Coker(D p+ i — > D p ) 
for p > 0, this yields the short exact sequences 

-► Cp+i -► Dp -► C p -► 0, Vp > 0. 

If Hj^ (L) 7^ 0, then q < n because .Mi is generated by n elements. In the 
case q = n, from the short exact sequence — > C\ — > D — > L — > 0, we obtain a 
bigraded epimorphism H^Dq) -> Therefore, if iL^ (L) (cSjes) / 

then LfJvi 1 (-C'o)(cs,es) / 0) so by Corollary 2.1.7 there exists a shift (a, 6) G Slo 
such that < s < bd c ~°~ n . If q < n, since H v Mi (D p ) = for any u / n, we 
have bigraded isomorphisms 

H< Ml {L) - flffCCi) = H^(C 2 ) - ... - ^(C-^i), 

a bigraded monomorphism 

H Mi( C n-q-l) H Mi( C n~q)-, 

and a bigraded epimorphism 

H Mi( D n-q) -»■ H^^Cn-q) -> 0. 

Therefore, H q Mi {L)^ cs>es) / implies fl'^ 1 (D n _ 9 )( 

cs,es) 7^ 0) an d we are done 

by Corollary 2.1.7. Similarly one can prove (ii). □ 
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Remark 2.1.11 Given a finitely generated bigraded S-module L, for each 
diagonal A = (c, e) let us consider the sets of integers 

X A = |J supp (5^(5(0,6))*), 
y p A = |J supp(^ 2 (5(a,6)) A ), 

(a,b)6Q Pj i 

where X A = Y A = if p < 0. Let X A = Up**, ^ A = U p Y A . Then, 
Proposition 2.1.10 jointly with Proposition 2.1.3 says that if s X A _ q U Y r A q , 
then [<£>|J S is a monomorphism and is an epimorphism. In particular, 

for an integer s X A U Y A then [</?fJ s is an isomorphism for any q. (In fact, 
it is enough to define X A = \J P < n X p and Y A = U P <r Y A ). 

Note that the set of integers s satisfying that ^ < s < bd ~^~ d n and 
^ b+T c-ed~ a — s — ~^T~ ^ S em Pty or it only contains the integer for suitable 
c, e, that is, the sets X A and y A are contained in {0} for those A = (c, e). So 
we immediately get: 

Corollary 2.1.12 Zei L be a finitely generated bigraded S-module. There 
exist positive integers eo,a such that for any e > eo, c > de + a, we have 
isomorphisms [ip q L ] s : H q M ^(L^) s -> H^(L)^ 

cs,es) f or a M Q ^ an d s 7^ 0- 

Proof. It is enough to take eo > max{6, — b — r : (a, b) € and a > 
max{6ii — a — n, u + a — (6 + r)d : (a, b) G ^l}- d 

A similar result has been obtained in [CHTV, Lemma 3.8]. Therefore, we 
have that for diagonals large enough the only obstruction for the map ip q L to 
be an isomorphism is located in the component of degree 0. 

Definition 2.1.13 Let L be a finitely generated bigraded S'-module and let 

-► A ► A A) £ 

be the bigraded minimal free resolution of L over S. Let A be a diagonal. 
We say that the resolution is good for A if all the modules (A?)a are Cohen- 
Macaulay, that is, X A = Y A = 0. We say that the resolution is good if there 
exists A such that the resolution is good for A. 

From Remark 2.1.11, we immediately get that if L has a good resolution 
for A then the corresponding maps (p q L are isomorphisms. 
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Corollary 2.1.14 Let L be a finitely generated bigraded S-module whose res- 
olution is good for A. Then we have graded isomorphisms 

^l-.H^L^^H^iL)^ Vg>0. 

Our next goal is to study the existence of diagonals A for which the bi- 
graded minimal free resolution of L is good for A. To this end, following 
[CHTV] we define: 

Definition 2.1.15 We say that a property holds for c> relatively to e S> 
if there exists eo such that for all e > eo there exists a positive integer c(e) 
(depending on e) such that this property holds for all (c, e) with c > c(e). 
We will often write c » e 3> 0. In fact, in the statements we will prove we 
could replace the condition c > e > by the stronger one that there exist 
positive integers eo,a such that the property holds for e > eo, c > de + a. 
For simplicity, we will keep the notation and definition of c > e > from 
[CHTV]. 

Next result provides necessary and sufficient numerical conditions for the 
Cohen-Macaulayness of S(a, 6)a for c » e » 0. Namely, 

Proposition 2.1.16 [CHTV, Corollary 3.5] Let a,beZ. Then S(a,b) A is a 
Cohen- Macaulay module for c » e » i/ and only if a, b satisfy one of the 
following conditions: 

(i) b < —r and (b + r)d — u — a > 0, 

(ii) -r <b < 0, 

(Hi) b > and bd — a — n < 0. 

Proof. From Proposition 2.1.3, we have that S(a,b)/\ is Cohen-Macaulay 
for c > e > if and only if supp ( J f/"^ i (S , (a,6))A)Usupp( J f/"^ 2 ( 1 S , (a,6)) A ) 
for c > e > 0. Then the result follows from Corollary 2.1.7. □ 

Notice that, for a given diagonal A, we have that S(a,b)& is Cohen- 
Macaulay if and only if the corresponding maps l p q s ^ a b ^ are isomorphisms for 
all q > 0. On the other hand, from the proof of Proposition 2.1.16, observe 
that if (a, b) does not satisfy any of the conditions above then S(a, 6)a is never 
Cohen-Macaulay. Therefore, we can not hope to extend Corollary 2.1.12 to 
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the component of degree of the maps ip q L . In fact, the proof of Proposition 
2.1.3 shows that [ip 9 L ]o does not depend on the diagonal A. 

Furthermore, note that the proof of Proposition 2.1.16 also shows that if 
there exists A such that 5(a, 6)a is Cohen-Macaulay then S(a,b)/s. is Cohen- 
Macaulay for c S> e S> 0. Therefore, if a finitely generated bigraded S- 
module L has a good resolution, then the resolution of L is good for diagonals 
A = (c, e) with c > e > 0. 

Up to now we have related the vanishing of the local cohomology with 
respect to .Mi and M2 of a bigraded S- module L with the vanishing of the 
local cohomology with respect to M\ and Mi of the modules S(a,b) which 
arise in the bigraded minimal free resolution of L over S. This study has 
led us to get sufficient conditions on the shifts (a, b) in order to tp q L to be 
isomorphisms. In the rest of the section we shall deal with the computation of 
the local cohomology modules of a bigraded S*-module L with respect to the 
ideals M\ and Mi by themselves. 

In Corollary 2.1.14 we have given sufficient conditions on the shifts in 0,^ 
to get that the maps ip q L are isomorphisms for large diagonals. Next we give 
necessary and sufficient conditions for the maps ip\ to be isomorphisms in 
terms of the local cohomology modules of L with respect to M\ and Mi. 
Namely, 

Proposition 2.1.17 Let L be a finitely generated bigraded S-module. Then 
the following are equivalent: 

(i) There exists A such that ip q L is an isomorphism for all q > 0. 

(ii) For large diagonals A, tp q L is an isomorphism for all q > 0. 

(Hi) H q Mi (L) m = H q M2 (L) m = for all q > 0. 

For an integer e and a bigraded .S-module L, let us define the graded S±- 
module L e = ©j gz L(j e ). Then we have an exact functor ( ) e : M 2 (S) — > 
M 1 (S\). The bigraded initial degree of a bigraded .S-module L is defined by 
indeg(L) = (indeg 1 (L), indeg 2 (L)), where 

indeg^L) = min{i | 3j s.t. / 0}, 

indeg 2 (L) = min{j | 3i s.t. / 0}. 



THE DIAGONAL FUNCTOR 



31 



Proposition 2.1.18 Let L be a finitely generated bigraded S-module. Then: 

( { ) H Mi( L )(i,j) = H li( L3 )i ■ In particular, H q Mi {L) = for i > a q (L^) 
or j < indeg 2 (L). 

(ii) H% i2 (L) {iJ) = Oforj>at(L). 

Proof. As Si-module, L is the direct sum of the modules L e = ©jL( i e ). 
Since A4i is the ideal of S generated by mi = (X±, . . . ,X n ), we have that 
H q Mi (L) = (SjH^iti), and so we get (i). 

Now let — > Dt — ► ■ ■ ■ — ► D\ — ► Z?o — ► L — ► be the bigraded minimal free 
resolution of L over S 1 , where D p = 0( ai f,) e n p S(a,b). By taking short exact 
sequences as in Proposition 2.1.10, it is just enough to prove that if j > a%(L) 
then Hj^ 2 (S(a,b))^ j^ = for any (a,b) £ £Il and q > 0. The case q / r 
is trivial. From Proposition 2.1.6, we may deduce that H r M2 (S(a, = 

for j > —b — r. This finishes the proof because, according to Theorem 1.3.4, 
> -b- r for any (a, 6) G Q L . □ 

In the particular case d\ = . . . = d r = d, S can be thought as a stan- 
dard bigraded /c-algebra by a change of grading. If we consider the morphism 
^{PjI) = (p — dq,q), observe that (^(suppS 1 ) C N 2 , so is a N 2 -graded ring 
with [S V } M = S( p+dq:q y Noting that deg(JQ) = (1,0) for i = 1, . . . , n, and 
deg(lj) = (0, 1) for j = 1, . . . , r as elements of S"* 5 , we have that is stan- 
dard. For a bigraded S- module L, let us recall that the ^-module L v is the 
S'-module L with the grading defined by [L^Jq, ^ = L^ +dq q y 

Furthermore, in this case, given an integer e we can define an exact functor 
( ) e : M 2 (S) — ► M 1 (S < 2) in the following way: For any bigraded 5-module L, 
we define L e to be the graded ^-module L e = ®j£z^(e+dj,j)- Then we have 

Proposition 2.1.19 Assume that d\ = . . . = d r = d. For any finitely gener- 
ated bigraded S-module L, we have 

(i) H q Mi (L) {iJ) = 0fori> dj + al(L«>). 

(ii) H q M2 (L) (iJ) = Hl 2 (Li-4j)j . In particular, H q M2 (L) (iJ) = for j > 

O-q(Li^dj)- 

Proof. Let — > D t — > • • • — > D\ —> Dq —> L —> be the bigraded minimal 
free resolution of L over S. Observe that 



S(a, by = (iJ) S(a, b) (i+djtj) 
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— ©(ij) S( a +i+dj,b+j) 

= 0(jj) S(a-db+i+d(b+j),b+j) 

= S*(a-db,b), 

so in particular S(a, b)^ is a free S^-module. Therefore, by applying the exact 
functor ( )f to the resolution of L we get that 

Df -»• . . . -»• D$ ^ 

is a bigraded minimal free resolution of L 1 ^ over S"^. Since a 1 (S' ¥ ') = — n, from 
Theorem 1.3.4 it follows that 

al(L v ) = max{ db - a \ (a,b) € ^l} - 

If i,j are such that i > dj + a^L^), then we have that i > dj + db — a — n 
for any shift (a, 6) £ and so from Proposition 2.1.6 we have that 

Hj^ i (S(a,b))( i j) = for any q > 0. By taking short exact sequences as in 
Proposition 2.1.18, we then obtain H q Mi {L)^^ = for q > 0, i > dj + a^L^). 

To prove (ii), note that since d\ = . . . = d r = d we may decompose 
L as the direct sum of the ^-modules Lj. Then, by using that M.2 is the 
ideal of S generated by m2 = (Y"i, . . . , Y r ), we obtain H q M2 (L) = 0j iJ£ 2 (Lj). 
Noting that deg(Yi) = ... = deg(Y r ) = (d, 1), we finally get H^L)^ = 

2.2 Case study: Standard bigraded /c-algebras 

Our aim in this section is to particularize and improve for standard bigraded k- 
algebras several results proved in Section 2.1. So let R be a standard bigraded 
/c-algebra generated by homogeneous elements x\, . . . , x n , y±, . . . , y r in degrees 
deg(xj) = (1,0), i = 1, ...,n, deg(%) = (0,1), j = l,...,r. By taking 
the polynomial ring S 1 = k[X\, . . . , X n , Yi, . . . , Y^.] with the bigrading given 
by deg(Xi) = (1,0), deg(Yj) = (0, 1), we have that R is a finitely generated 
bigraded S'-module in a natural way. 

In this case, denote by H x = R° = ieN -R(i,o); ^2 = -Ro = jGN -R(o,j)- 
Observe that T^i and 7?. 2 are graded /c-algebras, and denote by mi and m-2 
their homogeneous maximal ideals. Given e € Z, we may define the graded 
7£i-module R e = ®iezR(i, e ) an d the graded Tv^-module R e = ®j ez R( e jy By 
a straightforward application of Proposition 2.1.3, we get 
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Proposition 2.2.1 There is a natural graded exact sequence 

... - hUR)a - h* Mi (r) a e fl£t 2 (fl) A - a^ a (^a) ^> <(i?)A - ... 

In particular, given s £ Z, the following are equivalent: 
(i) [ip 9 R ] s is isomorphism, Vg > 0. 
(ii) H^(R e % s = and H^(R cs ) es = 0, Vq > 0. 

Proof. It follows from Proposition 2.1.3, Proposition 2.1.18 and Proposition 
2.1.19. □ 

As a direct consequence of Proposition 2.2.1 we have: 

Corollary 2.2.2 (p q R is an isomorphism for q > max{dim7£i, dim IZ2 }. 

Proof. Set d\ = dimT^i, d<i = dim 72-2 • It is enough to prove that ff^(]? e ) = 
H^ 2 (R e ) = for any e £ Z, q > maxjdi, cfo}- But note that R e is a graded 
^i-module, so H^B?) = for q > d ± . Similarly, H^ 2 (R e ) = for q > d 2 
and we are done. □ 

From Proposition 2.2.1 we can also determine a set of integers s, depending 
on the diagonal A, for which [f 9 R ] s is an isomorphism for all q > 0. More 
explicitly, 

Corollary 2.2.3 (i) [ip q R ] s is isomorphism for s < 0. 

(ii) [f R ] s is isomorphism for s > max{ a\{R)/c, al(R)/e}. In particular, 
a*(R A ) < max{ al{R)/c,al(R)/e}. 

Proof. It is a direct consequence of Proposition 2.2.1, Proposition 2.1.18 
and Proposition 2.1.19. □ 

We have shown that [ip 9 R ] s is an isomorphism for any s < 0. Moreover, 
note that if c > al(R) and e > a%(R), then [ip 9 R ] s is an isomorphism for any 
s > 0. We may ensure that [ip q R ] is an isomorphism for any q if R has a good 
resolution. Next we study the existence of a such resolution. The following 
result provides a useful characterization for a standard bigraded /c-algebra R 
to have a good resolution by means of the a*-invariants of TZ± and 7^2 • Namely, 

Proposition 2.2.4 The following are equivalent: 
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(i) R has a good resolution. 

(ii) a*(fti) < 0, a*(K 2 ) < 0. 
Proof. Let us consider 

D : -► D t -► ► £>!-► A) = S-»fl->0 

the bigraded minimal free resolution of R over S, where -D p = (B( a ^)en p S( a > 
Note that a, b are non-positive integers. So, by Proposition 2.1.16 the resolu- 
tion is good if and only if all the shifts (a, b) satisfy one of the three following 
conditions 

(i) -r < b < 0. 

(ii) 6 = and — n < a. 

(hi) b < —r and a < 0. 

It is not hard to check that these conditions are equivalent to that for any shift 
(a, 0) 6 £Ir we have a > — n, and for any shift (0, b) G we have b > —r. 
Observe that 

, ,n ^ f0 if6<0 

s<M? = ©W) = { Sl(a) ttb = 

So by applying the functor ( )° to the resolution of R we obtain a graded free 
resolution of 1Z\ over S\ : 

F : F t ► F x F = Si -► K x , 

where F p = (D p )° = ae7p Si (a), and 7p = {a G Z : (a, 0) G ft p } (F p = 
if 7p = $)• Furthermore, we have that Im(F p ) C miF p _i for all p = 1, 
Hence this resolution is in fact the graded minimal free resolution of 1Z\ over 
S\. Then we can use Theorem 1.3.4 to compute a*(lZ\) : 

a* {Tii ) = max{— a \ a G U P 7 P } + a (Si) = 

= max{— a | (a,0) G ^_r} — n. 

Therefore, any shift (a, 0) G £Ir satisfies a > —n if and only if a*(7£i) < 0. 
Similarly, any shift (0, b) G $7_r satisfies 6 > — r if and only if a*(7?.2) < 0. □ 

As an immediate consequence we get a criterion for the existence of Cohen- 
Macaulay diagonals of a standard bigraded /c-algebra which extends [CHTV, 
Corollary 3.12]. More explicitly, 
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Corollary 2.2.5 Let R be a standard bigraded k-algebra with a*(7£i) < 0, 
a* (^2) < 0. Then depth Ra > depth it! — 1 for large A. In particular, if R is 
Cohen-Macaulay, then so Ra for large A. 

For a standard bigraded ring R defined over a local ring with 
a 1 (i?), a 2 (R) < 0, it has been shown in [Hy, Theorem 2.5] that if R is Cohen- 
Macaulay, then its (1, l)-diagonal inherits this property. This result can be 
extended to any diagonal of a standard bigraded fc-algebra. 

Proposition 2.2.6 Let R be a standard bigraded Cohen-Macaulay k-algebra 
with a 1 {R),a 2 {R) < 0. Then Ra is Cohen-Macaulay for any diagonal A. 

Proof. The bigraded standard /c-algebra R has a presentation as a quotient 
of the polynomial ring S = k[Xi, . . . , X n , Y±, . . . , Y r ] bigraded by deg(Aj) = 
(1,0), deg(Yj) = (0, 1). According to Theorem 1.3.4, for any shift (a, b) G £Ir 
we have that 

< -a < a 1 (R) - a 1 (S) < n 
0<-b< a 2 (R)-a 2 {S) < r. 
Then note that for any diagonal A = (c, e) with c, e > 0, 

x A = II {sez\ — < S <Z^^ } = 

yA = 11 {s£Z{ Z^< s <Z^I } = 0, 

so the resolution is good for any A. Now, by Corollary 2.1.14 we have 
Hm a {Ra) = H q j^ [ 1 {R)A = for q < dimi? - 1, so we are done. □ 

We finish this section by giving necessary and sufficient conditions on the 
local cohomology of 1Z\ and IZ2 for the existence of a Cohen-Macaulay diagonal 
of a standard bigraded Cohen-Macaulay /c-algebra R. Namely, 

Proposition 2.2.7 Let R be a standard bigraded Cohen-Macaulay k-algebra 
of relevant dimension 5. Then there exists A such that Ra is Cohen-Macaulay 
if and only if H^iU^o = H^ 2 (TZ 2 )o = for any q < 5 - 1. 

Proof. According to Lemma 2.1.1, we have that dimi?A = S — 1 for any 
A. By taking into account Corollary 2.1.12, there exists A such that Ra is 
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Cohen-Macaulay if and only if there exists A such that (R&)q = for 

any q < 6 — 1. But from Proposition 2.2.1, for any q < S — 1 we have 

H q M jR A )o = H^iK^o © H« m2 (K 2 ) . 
This finishes the proof. □ 

2.3 Case study: Rees algebras 

Let A be a noetherian graded algebra generated in degree 1 over a field k. 
Then A has a presentation A = k[X\, . . . ,X n ]/K = k[x\, . . . ,x n ], where K 
is a homogeneous ideal of the polynomial ring k[X\, . . . ,X n ] with the usual 
grading. Let m be the graded maximal ideal of A. For a homogeneous ideal I 
of A, let us consider the Rees algebra 

R = R A {I) = ®I n t n cA[t] 

n>0 

of I endowed with the natural bigrading given by 

introduced by A. Simis et al. in [STV]. If / is generated by forms fi,---,f r 
in degrees d\, . . . , d r respectively, note that R is a /c-algebra finitely generated 
by xi,...,x n ,fit,....,f r t with deg(xj) = (1,0), deg(fjt) = (dj,l), and that 
it has a unique homogeneous maximal ideal M = {x\, . . . , x n , fit, f r t). 
By considering the polynomial ring S = k[X±, . . . , X n , Yi, . . . , Y r \ with the 
grading determined by setting deg(Xj) = (1,0) and deg(lj) = (dj, 1), we have 
a bigraded epimorphism: 

S — > R 

X{ i > Xi 
Yj ^ 

so that R has a natural structure as finitely generated bigraded S'-module. Set 
d = max{cii, . . . , d r }. For any c > de + 1, the A = (c, e)-diagonal of the Rees 
algebra is 

RA(I)A=^(I eS )cs = k[(I e ) c }. 
s>0 

Note that /c[(/ e ) c ] is a graded A;-algebra with a unique homogeneous maximal 
ideal m = Ma- The interest of these algebras fe[(/ e ) c ] is, as we will show in 
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the next chapter, that for any c > de + 1 there is a projective embedding of 
the blow-up X of Proj (A) along I so that X 9* Proj (k[(I e ) c ]). 

Set n = dim A. The next lemma computes the dimension of the rings 
k[(I e ) c ] extending [CHTV, Lemma 1.3] where the case A = k[Xi, . . . , X n ] was 
studied. 

Lemma 2.3.1 Assume I <f_ p, for all p G Ass (A). Then dimfc[(I e ) c ] = n for 
all c > de + 1. 

Proof. Since / is not contained in any associated prime of A, we have that 
any associated prime ideal of the Rees algebra R is relevant. So rel.dim R = 
dimi?. Furthermore, dimR = n + 1 by [BH1, Exercise 4.4.12]. So we may 
conclude dim£;[(I e ) c ] = n by Lemma 2.1.1. □ 

From now on we will always assume that I <£_ p, for all p £ Ass(yl). 
The following result relates the local cohomology of the graded /c-algebras 
k[(I e ) c ] to the local cohomology of the Rees algebra. By setting n = (It) = 
(/it, . . . , f r t) C k[It] = k[fit, . . . , f r t], we have 

Proposition 2.3.2 Let I be an ideal of A generated by forms of degree < d. 
For any diagonal A = (c, e) with c > de + 1, there is a natural graded exact 
sequence 

... - Hl 4 (R) A - K R (R) A © H« R (R) A - Hl{k[{I%]) ^ Hj+\R)± - ... 

Proof. It is clear that H q Mi (R) = H q mR (R) and H q M2 (R) = H q R (R). Then 
the result follows immediately by applying Proposition 2.1.3 to the Rees alge- 
bra Roil. a 

In Corollary 2.1.4 we proved that the maps cp q L become isomorphisms for 
q > max{n, r}. This bound was refined for standard bigraded A;-algebras in 
Corollary 2.2.2. Next we want to consider the case of the Rees algebras. To 
this end, we are going to study the vanishing of the local cohomology modules 
of R with respect to nR. For any ideal / of A, the fiber cone of / is defined 
as the graded fc-algebra F = F m (I) = ® n>0 / n /m/ n . The analytic spread 1(1) 
of / is then the dimension of the fiber cone, that is, /(/) = dimF. Note that 
if / is generated by forms of the same degree d, the fiber cone is nothing but 
^m(^) = k[I(i\. The following lemma shows the known result that the local 
cohomology modules of R with respect to nR vanish in order q > 1(1), but not 
in order 1(1). We include the proof for the sake of completeness. 
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Lemma 2.3.3 Let I be a homogeneous ideal of A. Set I = 1(1). Then 
H« nR (R) = Oyq>l andH l nR (R)^0. 

Proof. We may assume that the field k is infinite. Then there exists an 
ideal J C I generated by I = 1(1) elements of A such that I m = JI m ~ l for 
m S> 0, that is, there exists a reduction J oi I generated by I elements (see 
[BH1, Proposition 4.6.8]). Note that (Lt)R and (Jt)R are ideals with the 
same radical, so H q R (R) = H q IR (R) = H q JR (R) = 0,\/q > I. Moreover, from 
the presentation R — > R/mR = F m (I) we get the epimorphism 

H l nR (R) -+ H l nR (F) ± 0, 

so H[ R (R) + 0. □ 

As a consequence, we get: 

Corollary 2.3.4 Let I be an ideal of A generated by forms in degree < d. For 
any A, we have a graded epimorphism 

HZ(k[(n c ])^H%t\R) A . 

From Proposition 2.3.2 we may also deduce that for diagonals large enough 
the positive components of the local cohomology of the diagonals of the Rees 
algebra coincide with the positive components of the local cohomology of the 
powers of the ideal. Namely, 

Corollary 2.3.5 Let I be an ideal generated by forms of degree < d. For any 
c > de + 1, e > al(R), s > 0, there are isomorphisms 

Hl(k[(F) c ]) s - Hl(F% s ,Vg>0. 

Proof. Let c, e be integers such that c > de + 1, e > al(R). For any 
s > 0, we have that H q Mi (R) {cs ^ s) = H<L(I es ) cs and H q M2 (R) {csfis) = by 
Proposition 2.1.18. Thus from Proposition 2.3.2 we get the isomorphisms 
H* m (kl(F) c ]) s - H^(F% s .a 

In the case where I is generated by forms in the same degree d (that is, / 
is equigenerated) the Rees algebra is a standard bigraded /c-algebra by setting 



R A(!){i,j) = ( lJ )i+dj- 
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Then we may apply the results in Section 2.2 to these Rees algebras. From 
Lemma 2.2.4, we get a useful characterization for the Rees algebra to have a 
good resolution by means of the a*-invariants of the ring A and the fiber cone 
of /. Namely, 

Proposition 2.3.6 Let I be an ideal of A generated by forms in degree d. 
The following are equivalent: 

(i) The Rees algebra Ra(I) has a good resolution. 

(ii) a. (A) < 0, a*(F m (/)) < 0. 

Proof. We have already noted that the Rees algebra is a standard bigraded 
ring by means of R(ij) = (P)i+dj- With this grading, notice that 1Z\ = A and 
U 2 = k[L d ] = F m (L). Then the result follows from Lemma 2.2.4. □ 

To apply Proposition 2.3.6, we need to know the a*-invariant of the fiber 
cone. The next two lemmas bound it. The first one gives a lower bound by 
means of the reduction number of I (compare with [Trl], [Sch2]), while the 
second one gives an upper bound by means of the a*-invariant of the Rees 
algebra. 

Lemma 2.3.7 Let (A,m) be a local noetherian ring with an infinite residue 
field. Let I C m be an arbitrary ideal of A, J a minimal reduction of I and I 
the analytic spread of I. Then 

<n(F m (I)) + l< rj(I) < max{ai(F ro (/)) + i} = reg(F m (/)). 

Proof. Let a\,...,ai be a minimal system of generators of J. For a € 
denote by a the class of a in I /ml. Then a?,...,^ are a (homogeneous) 
system of parameters of F m (I) (see [HIO, Proposition 10.17]). According to 
[HIO, Lemma 45.1], we have 

^m(/) 



ai(F m (L)) + I < max{n 
On the other side, 



(«?,. -.a?) 



/0}<max{a i (F m (/))+i} 



rj{I) = min{n | I n+1 = J I 11 } 

- mm i n I m /n + l - ^JS+T } 



min{ n 



K,..,a</) 



= 0} 

n+1 
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= max{ n 
This concludes the lemma. □ 



(o;,...,o») 



/0}. 



The next lemma bounds the a*-invariant of the fiber cone by means of the 
a^-invariant of the Rees algebra. Namely, 

Lemma 2.3.8 Let I be an equigenerated homogeneous ideal of A. Then 
a*(F m (I)) < al(R A (L)). 

Proof. Let 

D. : D t -► ► L>i ^ Do = S i2 = 1^(7) 

be the bigraded minimal free resolution of the Rees algebra F over 5, where 
Dp = ®( a ,6)en p S(a,b). Note that a, 6 are non-positive integers with a < db. 
Therefore, we have that 

' if a < db 



S 2 (b) \ia = db 



S(a, 6)o - (J) ^(a+dj.fe+j) 
j 

Then by applying the functor ( )o to the resolution D. we get a graded free 
resolution of Rq = F m (7) over S2 : 

F. : -► F t ► Fi -► F = S 2 -► F -► , 

where F p = (D p ) = be7p ^(ft), and 7 P = {b £ Z : (db,b) £ n p }. Moreover, 
for any p = 1, . . . , t we have that Im(F p ) C m2F p _i, so F is in fact the graded 
minimal free resolution of F m (7) over S^- Then by Theorem 1.3.4 we have: 

a*(F) = max{-6 | b G U P 7 P } + 0(52) 

< max{-6 I (a, 6) G Q R } + 0(6*2) 
= a^(F). □ 

Now we are ready to exhibit some families of ideals such that the diagonal 
functor and the local cohomology functor commute whenever we take diagonals 
large enough. 

Example 2.3.9 Let I be an equigenerated ideal in a ring A with a* (A) < 
(for instance, we may take A = k[X\, . . . , X n ]). Set r(L) the reduction number 
of 7 and assume that F m (7) is Cohen-Macaulay with negative a-invariant. Note 
that a(F) < is equivalent to r(7) < 1(1) by Lemma 2.3.7. This class of ideals 
includes: 
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(i) ideals I with reduction number r(I) = (for instance, complete inter- 
section ideals and ideals of linear type). 

(ii) m-primary ideals with r(I) < 1 < 1(1) in a Cohen-Macaulay ring A (see 
[HS]) . 

(hi) equimultiple ideals with r(I) < 1 < 2(7) in a Cohen-Macaulay ring A 
(see [Sha]). 

(iv) generically complete intersection ideals with ad(I) = 1, r(I) < 1 < 1(1) 
in a Cohen-Macaulay ring A (see [CZ]). 

For these families of ideals, we have that the Rees algebra has a good 
resolution according to Lemma 2.3.6. Then we have graded isomorphisms 

H m(k[( ie )c\) — H^(R)a, 

for any q > and c > e > by Corollary 2.1.14. Therefore, we have 
that for large diagonals depth(/c[(/ e ) c ]) > depth(ii) — 1. In particular, if the 
Rees algebra is Cohen-Macaulay then its large diagonals will be also Cohen- 
Macaulay. 

Remark 2.3.10 Recall that the form ring Ga(I) of an ideal I in A is 

g = g a (i) = r/r +l = r a (i)/ir a (i). 

n>0 

If I is a homogeneous ideal, the form ring has a natural bigrading by means 
of G(i = (P /P +1 )i. We can get for the form ring similar results to the 
ones obtained for the Rees algebra. For instance, for an equigenerated ideal 
/ we have that G A (I) has a good resolution if and only if a*(A/I) < 0, 
a*(F m (/)) < and it holds o»(F ro (/)) < al(G A (I)). 

Remark 2.3.11 For an equigenerated ideal / of A, note that we can recover 
several relationships between r(I), 1(1) and a 2 (G) proved with more generality 
in [AHT]. By applying the diagonal functor to the minimal bigraded free 
resolution of R A (I) or G A (I), we obtain the minimal graded free resolution 
of F m (I) = k[I d ], and so a*(F m (I)) < al(R A (I)) and a*(F m (I)) < al(G A (I)). 
Now, according to Lemma 2.3.7, given J an arbitrary minimal reduction of 
/ we have rj(I) — 1(1) < a^(R A (I)) and the same formula for G A (I). In 
particular, if R A (I) is CM we get rj(I)< 1(1) + a 2 (R A (I)) < 1(1) - 1. We can 
also obtain that if R A (I) is CM then reltype(J) < fi(I) — 1. 
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Once we have studied the equigenerated case, in the rest of the section we 
consider the Rees algebra of an arbitrary homogeneous ideal I of A. In the 
case where A is the polynomial ring it was conjectured in [CHTV] that if the 
Rees algebra is Cohen-Macaulay there exist large diagonals which are Cohen- 
Macaulay. Note that for equigenerated ideals this follows from Proposition 
2.3.6 and Lemma 2.3.8. Next we give a full answer to this conjecture. 

Theorem 2.3.12 Let I be a homogeneous ideal of the polynomial ring A = 
k[X\, . . . , X n ]. If Ra{I) is Cohen-Macaulay, then Ra{I) has a good resolution. 
In particular, k[(I e ) c ] is Cohen-Macaulay for c>e>0. 

Proof. Let us consider the bigraded minimal free resolution of R over S: 

-> Z) r _i -> . . . -> Di -> D = S -> R -> 0. 

The first morphism in this resolution maps each X; L to Xi, so we immediately 
get that any shift (a,b) € U\ satisfies b < 0. Then, by Lemma 1.3.1 jointly 
with Remark 1.3.3, we get that for any p > 1 and any shift (a, b) £ Q p we have 
b < 0. On the other hand, since R is Cohen-Macaulay, a 2 {R) = a 2 (R). Now, 
by Lemma 1.2.3 we have a 2 {R) = a{R 2 ), where R 2 = (Bj{®ii lj )i) = 0j lj is 
nothing but the Rees algebra with the usual Z- grading, and so a(R 2 ) = — 1. 
By then applying Theorem 1.3.4, for any (a, b) 6 £Ir we have 

-b < a 2 (S) - al{R) =r-l<r, 

so by Proposition 2.1.16 the Rees algebra has a good resolution. Then the 
result follows from Corollary 2.1.14. □ 

Assume that a Rees algebra is Cohen-Macaulay. Is there any Cohen- 
Macaulay diagonal? We know that this holds if A is the polynomial ring. 
The next result provides the obstruction for the existence of such diagonals in 
the general case. Note that the obstruction depends only on the ring A. 

Theorem 2.3.13 If Ra(I) is Cohen-Macaulay, then the following are equiv- 
alent: 

(i) There exist c, e such that k[(I e ) c ] is Cohen-Macaulay. 

(ii) H l m (A) = for all i < n. 

Proof. If R is Cohen-Macaulay, then a 2 (R) = a 2 (R) = —1, so by Proposition 
2.1.18 we have H^r{R)(o,o) = for all q. Then, according to Proposition 2.3.2 
and Proposition 2.1.18, H^(k[(I e ) c ]) = #l R (#)(o,o) = H^(A) . Now the 
statement follows from Corollary 2.1.12. □ 



Chapter 3 



Cohen-Macaulay coordinate 
rings of blow-up schemes 



After introducing in the previous chapters the basic tools we will need along 
this work, we are now ready to study in detail the Cohen-Macaulayness of the 
coordinate rings of blow-ups of projective varieties. Let A; be a field, and let 
Y be a closed subscheme of with coordinate ring A = k[X±, . . . , X n ]/K, 
where K C k[Xi, . . . ,X n ] is a homogeneous ideal. Given I C A a homoge- 
neous ideal, let denote by 1 = I the sheaf associated to / in Y = Proj (A). 
Let X be the projective scheme obtained by blowing up Y along 1, that is, 
X = Vroj(($) n>0 T n ). If I is generated by forms of degree < d, then (I e ) c 
corresponds to a complete linear system on X very ample for c > de + 1 which 
gives a projective embedding of X so that X = Proj (k[(I e ) c ]) C where 
N = dim fe (7 e ) c (see [CH, Lemma 1.1]). 

For a given homogeneous ideal I C A, we can consider the Rees algebra 
Ra(I) = ®j>Ql 3 of / endowed with the natural bigrading Ra(I)u^ = (P)i- 
By taking diagonals A = (c, e) with c > de+1, we have that Ra(I)a = k[(I e ) c ]- 
In Chapter 2 we used this fact to study the existence of algebras k[(I e ) c ] 
which are Cohen-Macaulay in the case where the Rees algebra also has this 
property (see Theorems 2.3.12 and 2.3.13). Our aim in this chapter is to get 
some general criteria for the existence of (at least) one coordinate ring k[(I e ) c ] 
with the Cohen-Macaulay property. In Section 3.2 we will give sufficient and 
necessary conditions to ensure this existence by means of the local cohomology 
of Ra(I) and the sheaf cohomology -£P(X, Ox)- This result will be applied in 
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Section 3.3 to exhibit several situations where we can ensure the existence 
of Cohen-Macaulay coordinate rings for X. We also give a criterion for the 
existence of Buchsbaum coordinate rings, proving in particular a conjecture 
stated by A. Conca et al. [CHTV]. 

Once we have studied the existence of Cohen-Macaulay diagonals of a 
Rees algebra, in Section 3.4 our aim will be to precise these diagonals. This 
is a difficult problem which has only been completely solved for complete 
intersection ideals in the polynomial ring [CHTV, Theorem 4.6]. We will give 
several criteria to decide if a given diagonal is Cohen-Macaulay, which will 
allow us to recover and extend the result on complete intersection ideals as 
well as to determine the Cohen-Macaulay diagonals for new families of ideals. 
If the Rees algebra is Cohen-Macaulay, we can also determine a family of 
Cohen-Macaulay diagonals. The section finishes by studying the coordinate 
rings of the embeddings of the blow-up of a projective space along an ideal of 
fat points. 

The last section is devoted to study sufficient conditions for the existence 
of a constant / ensuring that k[(I e ) c ] is Cohen-Macaulay for any c > ef 
and e > 0, a question that has been treated by S.D. Cutkosky and J. Herzog 
in [CH]. The main result shows that this holds for homogeneous ideals in a 
Cohen-Macaulay ring A whose Rees algebra is Cohen-Macaulay at any p G 
Proj (A). 

3.1 The blow-up of a projective variety 

From now on in this chapter we will have the following assumptions. Let k be a 
field and A a noetherian graded /c-algebra generated in degree 1. Then A has a 
presentation A = k[X\, . . . , X n ]/K = k[x\, . . . , x n ], where K is a homogeneous 
ideal in the polynomial ring k[X\, . . . ,X n ] with the usual grading. We will 
denote by m the graded maximal ideal of A. Let Y be the projective scheme 
Proj(^4) C Ft -1 - Let I be a homogeneous ideal not contained in any associated 
prime ideal of A, and let I be the sheaf associated to / in Y. Then I can 
be blown up to produce the projective scheme X = "Proj(® n>0 X n ) together 
with a natural morphism ir : X — ► Y. Let us recall the construction of the 
Vroj of a sheaf of graded algebras 7Z over a scheme Y (see [Har, Chapter 
II, Section 7]). For each open affine subset U = Spec(B) of Y, let 1Z(U) be 
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the graded .B-algebra T(U,TZ\U). Then we can consider Proj(72.(?7)) and its 
natural morphism ir\U : Proj(JZ(U)) — ► [/. These schemes can be glued to 
obtain the scheme Vroj(TZ) with the morphism ir : VrojilZ) — ► Y such that 
for each open affine PcF, tt -1 ^) = Proj(ft(C/)). 

Assume that 7 is generated by forms /i , . . . , f r in degrees d\ , . . . , d r re- 
spectively. Let d = maxjiii, . . . ,d r }. For any c > d + 1, let us consider the 
invertible sheaf of ideals C = I{c)Ox- We are going to show that C defines a 
morphism of A in a projective space if : A — ► which is a closed immer- 

sion so that X = Proj (/c[/ c ]). Since the blow-up of Y along I e is isomorphic 
to X, we will also have X = Proj (k[(I e ) c ]) for any c > de + 1. For that, we 
are going to follow the proof of [CH, Lemma 1.1]. First of all, notice that we 
have an affine cover of X by considering the set {Uij | 1 < % < n, 1 < j < r}, 
where Uij = Spec(-Ry), and 



"'-.7 



Al 

A; 



X n 
~Xi 



/K, 



Si 



■di 



fi 



Furthermore, T(Uij,l(c)Ox) = fjX^ dj Rij- 
T(X,l(c) Ox), we have that C = (J c ) Ox- 



Since /,j; c dj 



G i" r and L, C 



7 C is a fe-vector space generated by the elements s of the type s = 
fjX l i . . . x l £ with degree c, that is, such that dj + 1\ + . . . + l n = c. By consider- 
ing X s = {P G X | sp mp£p} with s G I c , we have an open covering of X. 
Since c > d, there exists some i with ^ > 0, so denoting by u = (f 1 )' 1 • . . {^) ln 
we have that 



X s = Spec(( J R, 



IJ )u) 



Spec 



In 



is an open affine. 



Set N = dimfe/ c . Let P^ 1 = Proj (k[{Z s } se \]), where A is a /c-basis of 
I c , and V s = D + (Z S ) C P^" 1 . The /c-linear maps defined by 



r(v s ,o Vs 



k[Ts : s / s] 
T-z 



r(x s ,o Xs 



are epimorphisms which define morphisms of schemes X s — ► V,. By gluing 
them, we get a closed immersion ip : X — ► P^ _1 so that A = Proj (fe[J c ]) by 
[Har, Proposition II. 7.2]. 
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Let C = IO x , M = 7T*e>y(l), so that (I e ) c O x = C e ® M c . Then, the 
classical Serre's exact sequence allows to relate the local cohomology of the 
rings k[(I e ) c ] and the global cohomology. 

Remark 3.1.1 [CH, Lemma 1.2] There is an exact graded sequence 

- H° m (k[(P) c ]) - k[(l%] - 0r(x,£» ® AO - /&(*[(!*)„]) - o 

sez 

and isomorphisms 

for i > 1. In particular, looking at the homogeneous component of degree 
we get the exact sequence 

- H° m (k[(I e )c\)o - k - r(x,o x ) - f4(M(J e ) c ]) ^ 
and isomorphisms H l m (k[{I e ) c ]) = iP _1 (X, O x ) for i > 1. 

For a homogenous ideal / of A, let us consider the Rees algebra R = 
Ra{I) = 0n>o ^ n i n C A[t] of / endowed with the natural bigrading given by 
Ruj) = {I 3 )i- Then, by taking a diagonal A = (c, e) with c > de + 1, we 
have that Ra(I)a = ® s >o(I es )cs = k[(I e ) c ]- The natural inclusion k[(I e ) c ] = 
Ra ^ R, gives the isomorphism of schemes Proj 2 (Ra(I)) — Proj (k[(I e ) c ]). 
Summarizing, we have: 

Proposition 3.1.2 Let X be the blow-up of Y = Proj (A) along 2 = 1, 
where I is a homogeneous ideal of A generated by forms of degree < d. For 
any c > de + 1, we have isomorphisms of schemes 

X = Proj 2 (Ra(I)) = Proj (k[(l%]). 

In Chapter 2, Section 3, we have followed an algebraic approach to study 
the local cohomology modules of the rings k[(l e ) c ] in terms of the local co- 
homology of the Rees algebra and the diagonal functor. Next we give a new 
approach to these modules by using sheaf cohomology. 

Notice that from Remark 3.1.1 we may determine the local cohomol- 
ogy modules of the A;-algebras k[(l e ) c ] by means of the cohomology modules 
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H l (X,C es ® M cs ). On the other hand, we can get some information about 
these modules from the Leray spectral sequence 

E%> = iT(Y, R j ir*(£ es ® M cs )) => H i+j (X, C es ® M cs ), 

and the vanishing of the higher direct-image sheaves R 3 ir*(£ es <8> M cs ). First 
of all, let us study the vanishing of R J ir*(£ es ). 

Theorem 3.1.3 Set eo = max{ ^(^(/p)) : p G Proj (A) }. For any e > eo, 

j > ; R j ir*£ e = and tt^X 6 = T e . 

Proof. Let us denote by Ai = Ar x .\, Ii = I( Xi \ and Ri = RaX^) = ^M-^]- 
Note that by defining Yi = Y — V + (xi) = D + (x,j) = Spec(Aj), we have that 
{Yi : 1 < i < n} is an open affine cover of Y. Then, given j > 0, e > 0, 
R 3 -ir*£ e = if and only if (R J Tr*£ e ) \ Y^ = for all i. Denoting by X; L = 
n^Yi = Proj (Ri), by [Har, Corollary III. 8. 2 and Proposition III. 8. 5] we have 
that for j > 

R 3 ^{£ e ) | Yi = R^4C e | Xi) = H\X u C e | X,)~= ^+5 + ((/,) e ^) ~ • 
From the graded exact sequence 

- (hyRii-e) ^Ri^ 0(/,) 9 - , 

q<e 

it follows that H^ + ((Ii) e Ri) = H 3 £ )+ ((/ i ) e ^(-e)) e = H(^ + (Ri) e . Simi- 
larly, 7r*£ e = 7 e if H® R ^ + (Ri) e = H^ R ^ + (Ri) e = for all i. Therefore, we have 
reduced the problem to prove that H^ R ^ + (R i ) e = for all i,j if e > eo- 

Set Ri = RA Xi {Ixi)- We can think Ri as a Z-graded ring with deg(-^-) = 
1 — m, deg(-M-) = dj — m. Note that with this grading we have [Ri]o = Ri 

i 

and y ^ s an mvertible element in Ri of degree 1. Then we may define the 
graded isomorphism 

Ri[T, T~ l ] ^ R t 

where tp\Ri = id and deg(T) = 1. Since Ri <^-> Ri is a flat morphism, we have 
that 

so that H 3 —^ (Ri) e = H(r-) + (^i)e [T, T' 1 ]. Therefore, it suffices to prove that 

H m \ ( R i)e = for a11 if e > e 0- 
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Given a homogeneous prime q G Spec(A Xt ), we have that q = pA Xi with p 6 
Proj (A). Localizing i?j at q, we have that R{ <8> (Arjq = -Ra p (^p)- Denoting 
by -B = i?^ (lp), note that B is a standard graded ring whose homogeneous 
component of degree is the local ring A p . So B has a unique homogeneous 
maximal ideal n, with n = pA v © B + . Since H^{B) e = for all j > and 
e > eo, according to [Hy, Lemma 2.3] we also have H J B+ (B) e = for all j > 
and e > eo- Therefore, 

[^ )+ (^)e] q = [^ i)+ (^) q ]e = K + (B) e = 0. 

Hence (-Hf-^ (Ri) e ) q = for any homogeneous ideal q 6 Spe^A^), and we 
conclude i?^— (i?j) e = for j > and e > eo- □ 

Corollary 3.1.4 Assume that Ra p (I p ) is Cohen- Macaulay for any p G 
Proj (A). ITten, /or any e > ; j > 0, i?%*£ e = and tt^C = T e . 

Given a homogeneous ideal I of A, let us denote by I* = {/ G ^4 | m k f C 
/ for some /c} the saturation of I. Note that H^(A/I) = I* /I. Next we use 
Theorem 3.1.3 to relate the local cohomology modules of the A;-algebras k[(l e ) c ] 
and the local cohomology of the powers of the ideal (compare with Corollary 
2.3.5). 

Corollary 3.1.5 Let I be a homogeneous ideal of A, and eo = 
max{ a* (Ra p {Ip ) ) : P 6 Proj (A)}. For any c > de + 1, e > eo, s > 0, 
there is an exact sequence 

- H° m (k[(l e )c])s - (/ e % - (/ e % - Hi(k[(l%]) s - 

and isomorphisms H l m (k[{l e ) c ]) s = H l m {l es ) cs for i > 1. 

Proof. By the Leray spectral sequence we have 

F*(Y,i?%*(£ es ®M CS )) =*> H i+j (X,C es ® M cs ). 

On the other hand, by the Projection formula [Har, Exercise III. 8. 3] and The- 
orem 3.1.3, we get that for e > eo, s > 0, 

TT,(C es © M cs ) = 7r*(£ es ) © Oy(cs) = F s {cs) 

R j ir*(£ es ® M cs ) = R j ir*(£ es ) ® Y (cs) = 0, for all j > 0. 
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Therefore we may conclude that for any i > 1, H l (X,C es M cs ) = 
iP(Y,F" s (cs)) = H i + 1 {I es ) cs , and T(X, C es ® M cs ) = T(Y,F s (cs)) = (I es )* cs . 
Now the result follows from Remark 3.1.1. □ 

We have shown that the positive components of the local cohomology mod- 
ules of the rings k[(I e ) c ] are closely related to the local cohomology modules 
of the powers of the ideal I e . Next we want to study the negative components. 
In the case where X is Cohen-Macaulay, we will express them by means of the 
local cohomology of the canonical module of the Rees algebra. Recall that the 
canonical module of the Rees algebra is defined in the category of bigraded 
S-modules, so let us write K R = 0(jj) F° r an Y integer e, we denote by 

K e = (K R ) e = K(i ie y Then we have 

Proposition 3.1.6 Assume that X is an equidimensional Cohen-Macaulay 
scheme. For any c > de + 1, e > al(Kn), s > 0, 1 < i < n, 

^(M(/ e ) c ])- s = ^r m (i^ es ) cs . 

Proof. By Serre's duality and Remark 3.1.1 

^(fc[(/ e ) c ])_ s ^ H' l ~\X, £~ es ® M~ cs ) = H Tl " l {X, w x C es M cs ). 
Then, by taking c > de + 1, e > o%(Kr), i < n we get 
W m (k[(I e )c]U = Hl + + l -\K R ) {cs , es) 

= Hl +1 - i {K es ) cs , by Proposition 2.1.18. □ 

Remark 3.1.7 According to [HHK, Theorem 2.1] we can also express the neg- 
ative components of the local cohomology of the rings k[(I e ) c ] by means of the 
local cohomology of their canonical modules whenever X is Cohen-Macaulay 
equidimensional. In this case, there are also isomorphisms H l m {k[{I e )c\)- s = 
H^-^Kr^s for any s > and 1 < % < n. 

But notice that [KR A ]j = [(Kji)A]j for any j » 0, so we immediately get 

H m( K R A )s - H l m ((K R ) A ) s ^ H R+ (K R ) {csfis) ^ H l m (K es ) cs 

for any s > 0, i > 1. 
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3.2 Existence of Cohen-Macaulay coordinate rings 

Our aim in this section is to find necessary and sufficient conditions for the 
existence of integers c, e, with c > de + 1, such that the ring fc[(I e ) c ] is Cohen- 
Macaulay. Before proving our main result, we need two previous lemmas. The 
first one may be seen as a Nakayama's Lemma adapted to our situation, and 
in fact it is just Lemma 1.5.2 for the case r = 2. 

Lemma 3.2.1 Let L be a finitely generated bigraded R-module and m an in- 
teger such that R™L =0. Then, there exist integers qo, t such that L^ p q ^=0 for 
all p > dq + t, q > qo. 



The second lemma provides restrictions on the local cohomology modules 
of the Rees algebra whenever X is Cohen-Macaulay. 

Lemma 3.2.2 // X is Cohen-Macaulay equidimensional, then there are in- 
tegers qo, t such that H t M {RA{I))[ p ^ q ) = for all i < n + 1, q < qo and 
p < dq + t. 

Proof. Let Pel. Then R + <f_ P and so there exist i,j such that Xj P, 

fjt P. Denote by i?<p> = T _1 i?, where T is the multiplicative system 

consisting of all homogeneous elements of R which are not in P. Note that 

ft 

Rrp\ = [-R<p>](oo)- Furthermore, y- and are invertible elements in i?<p> 
with 

deg^ = (l,0), deg ML =(0,1). 



Then we may define a bigraded isomorphism ijj: 

RppiU-W^V- 1 ] ^ R <v> 



U 
V 



i 

fjt 

— 37" 



where Vl%>) = id, and deg(*7) = (1,0), deg(F) = (0,1). Since X is CM, 
Cx,p = Rfp) is CM and so i?<p> too. Then, localizing at Pi?<p>, we have 
that R P is CM. 

Now let P G Spec(i?) and denote by P* the ideal generated by the homoge- 
neous elements of P. By [GW2, Corollary 1.2.4], Rp is CM if and only if Rp* 
is CM, so we have that Rp is CM for any prime ideal P such that R + <f_ P. 
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Localizing the Rees algebra R at the homogeneous maximal ideal M. we then 
have that Rjn is a generalized Cohen-Macaulay module with respect to R+Rm 
[HIO, Lemma 43.2]. Therefore there exists m > such that R^H^R) = 
for all i < n + 1. From the presentation of R as a quotient of the polynomial 
ring S = k[Xi, . . . , X n , Yi, . . . , Y r ], by Theorem 1.2.1 we get 

H i M (R) = Ext n s +r - i (R,K s )\ 

and so i^Extg +r ~Vfi, K s ) = for i < n + 1. By Lemma 3.2.1 we then 
obtain that there exist integers <?i,ii such that Ext^ +r ~ l (R, K.g)^ F q ^ = for 
all q > qi, p > dq + t\ and i < n + 1. The proof finishes by dualizing again. □ 

Now we may formulate the main result of this section. 
Theorem 3.2.3 The following are equivalent: 

(i) There exist c,e such that k[(I e ) c ] is Cohen-Macaulay. 

(ii) (1) There exist integers qo, t such that H % m (Ra(I)) = for all 

i < n + 1, q < qo and p < dq + t. 
(2) T(X, O x ) = k and iP(X, O x )=0 for < i < n - 1. 

In this case, k[(I e ) c ] is Cohen-Macaulay for c>0 relatively to e S> 0. 

Proof. If (i) is satisfied, then the scheme X = Proj 2 (R) = Proj (k[(I e ) c ]) is 
CM and equidimensional, so we have (1) of (ii) by Lemma 3.2.2. Furthermore, 
H l m (k[(I e )^\)o = for any i < n and then by using Remark 3.1.1 we get (2) of 
(ii). 

Assume now that (ii) is satisfied. We want to find a diagonal A such 
that R A = k[(I e ) c ] is CM. By Remark 3.1.1 and (2) of (ii), we have that 
HI u (Ra)o = for any diagonal A and i < n. On the other hand, since 
H l M (R) are artinian modules there exists p\ such that H l M (R)^ pq ^ = for all 
i and p > p\. Furthermore, by Corollary 2.1.12 there are positive integers 
eo, a such that for e > eo, c > de + a we have 

<(12A) j ^fl3S 1 (i2)( CJ - 1 e J -),Vi,VjVO. 

Now, let us consider go,£ given by (1) of (ii). Note that we can assume that 
qo, t are negative. Then, by taking diagonals A = (c, e) with e > max{eo, —qo}, 
c > max{cfe + a,pi, de — t}, we have that H' l m (R/\)j = for all j and i < n, 
and therefore A;[(/ e ) c ] are CM for all these c, e. □ 
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Remark 3.2.4 Assume that (A, m) is a noetherian local ring and let /Cm, 
/ / be an ideal. Denote by X = Proj (Ra(I)) the blow-up of Spec(A) 
along /. Then, it was proved by J. Lipman [Li, Theorem 4.1] that there exists 
a positive integer e such that Ra{I c ) is Cohen-Macaulay if and only if X 
is Cohen-Macaulay, T(X, O x ) = A and /P(X,0x) = for all i > 0. The 
following corollary may be seen as a projective version of this result. 

Corollary 3.2.5 The following are equivalent: 

(i) There exist c, e such that k[(l e ) c ] is Cohen-Macaulay. 

(ii) X is a Cohen-Macaulay equidimensional scheme, T(K,Ox) = k and 
/P(X, O x ) = for all < i < n - 1. 

(Hi) X is Cohen-Macaulay equidimensional and Hr + {R) (o,o) = f or i <n. 

Proof. It is enough to note that we have an exact bigraded sequence 

H° R+ (R) -+ R -+ r(X,O x (p,q)) -+ H^R) -+ 0, 

(P,Q) 

and isomorphisms H'^(R) ^ IP(X, O x (p, q)) for i > 0. □ 

We can also give sufficient and necessary conditions for the existence of 
generalized Cohen-Macaulay or Buchsbaum diagonals of the Rees algebra, in 
particular proving a conjecture of A. Conca et al. in [CHTV]. 

Proposition 3.2.6 The following are equivalent: 

(i) H 1 m (Ra{I))( pa ) = for i < n + 1 and p€0 relatively to q <C 0. 

(ii) k[(l e ) c ] is a generalized Cohen-Macaulay module for c » e > 0. 
(Hi) There exist c,e such that k[(l e ) c ] is generalized Cohen-Macaulay. 

(iv) k[(l e ) c ] is a Buchsbaum ring for c>e>0. 

(v) There exist c, e such that k[(I e ) c ] is a Buchsbaum ring. 

(vi) There exist integers qo, t such that H 1 m {Ra(I)) ( P:q ) = for i < n + 1, 
q < qo and p < dq + t. 
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Proof, (i) =>• (ii) Assume that (i) is satisfied. By Corollary 2.1.12, we get 
H l m (R A ) s = for c > relatively to e > 0, s / and i < n. So k[(I e ) c ] is 
generalized CM for c 3> e 3> 0. 
(ii) =>■ (m) Obvious. 

(m) =>- (fi) Let A be a diagonal such that -Ra is generalized CM. Then 
(Ra)p is CM with dim(_RA) P + dim(i?A/p) = dimi?A for any p G Proj (Ra) 
by [HIO, Lemma 43.3], and so X = Proj (-Ra) is CM and equidimensional. 
By using Lemma 3.2.2 one obtains (vi). 

(vi) =>■ (i) Obvious. 

The implications (i) (iv) => (v) (vi) may be proved similarly. □ 

3.3 Applications 

In this section we show several situations in which we can ensure the existence 
of Cohen-Macaulay coordinate rings for the blow-up scheme by using Theorem 
3.2.3. First lemma provides sufficient conditions to have -T(X, Ox) = k and 
iP(X, O x ) = for all < i < n - 1. 

Lemma 3.3.1 Assume a£(R) < 0, a* (A) < 0. Then T(X,O x ) = k and 
iP(X, Ox) = for < i < n - 1. 

Proof. Note that for any i, we have H l M (R)( ^ = H 1 M2 (R)(q^ = and 
H l Mi (R) (0fi) = H l m (A) = by Proposition 2.1.18. Then, from the Mayer- 
Vietoris exact sequence associated to Mi and M.2, we get #r + (-R)(o,o) = 
for any i, so we are done. □ 

As an immediate consequence we get: 

Corollary 3.3.2 Suppose that a%(R) < 0, a* (A) < 0. If X is Cohen- 
Macaulay equidimensional, then k[(I e ) c ] is Cohen-Macaulay for c>e>0. 

It is known that there are smooth projective varieties with no arithmeti- 
cally Cohen-Macaulay embeddings (see for instance [Mat, Theorem 3.4]). Next 
we exhibit a situation where this implication is true. 

Proposition 3.3.3 Let X be the blow-up o/PjJ -1 along a closed subscheme, 
where k has chark = 0. Assume that X is smooth or with rational singulari- 
ties. Then X is arithmetically Cohen-Macaulay. 
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Proof. Let ir : X — > P£ 1 be the blow-up morphism. From [KKMS], we 
have that tt*Ox = O p n-i and Wir^Ox = for all j > 0. This implies that the 

k 

Leray spectral sequence 

= IT (ft- 1 , i?%*Ox) => iT +j (X, Ox) 

degenerates. Therefore we have r(X,C>x) = r(PjJ _1 ,O p „-i) = fc and 
iP(X,0 x ) = fn(Pfc _1 ,Opn-i) = for all i > 0. Then the result follows 
from Corollary 3.2.5. □ 

Assume that A is Cohen-Macaulay. S.D. Cutkosky and J. Herzog proved in 
[CH] that the Rees algebra has Cohen-Macaulay diagonals for locally complete 
intersection ideals and for ideals whose homogeneous localizations are strongly 
Cohen-Macaulay satisfying condition (J-\). In the first case, observe that 
Ra p (Ip ) is Cohen-Macaulay for any p G Proj (A) , while in the second one 
Ra m (I( p )) is Cohen-Macaulay for any p G Proj (A). Next we want to study 
those examples. 

Proposition 3.3.4 The following are equivalent: 

(i) Ra x .(I Xi ) is Cohen-Macaulay for all 1 < i < n. 

(ii) RA {x ) (I( Xi )) i s Cohen-Macaulay for all 1 < i < n. 
(Hi) Ra v {I p ) is Cohen-Macaulay for all p £ Proj (^4). 
(iv) Ra m (I( p )) is Cohen-Macaulay for all p £ Proj (A). 

Proof. Set Ri = RA x .(I Xi ), Ri = ^4 (x .) {Ifa))- We have already shown in 
the proof of Theorem 3.1.3 that there exists an isomorphism Ri = Ri[T, T^ 1 ]. 
Therefore, Ri is CM if and only if Ri is CM, and so the two first conditions 
are equivalent. 

Now let us prove (i) <^=^ (Hi). First assume (i), and for any prime ideal 
p e Proj (A) let us take Xi p. Note that Ra p (I p ) = Ri ®A X . (A Xi ) p , and 
so Ra v (I p ) is Cohen-Macaulay. Now assume (in), and let us think Ri as a 
bigraded ring. Then, to prove (i), it is enough to show that for any homo- 
geneous prime ideal Q G Spec(-Rj), we have that (Ri)Q is CM. Given such a 
Q, denote by qA Xi = Q n A Xi , where q G Spec(A) is a homogeneous prime 
which does not contain Xi, that is, q G Spec^A^.)) C Proj (A). Then we have 
(Ri) Q = (R A ,(I q ))Q, and so (Ri) Q is CM. 
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Finally, let us prove (ii) -4=>- (iv). Given p G Proj (A) and ij ^ p, let 
q = pA Xi C\A {Xi) G Spec(j4 (xi) ). Then, (A (Xi) ) q = A (p) and so fl^C^p)) = 
^j®A (a ..) ( j 4(o; i ))q- Therefore, (ii) implies (iv). Now let us assume (iv). Given 
any homogeneous prime ideal Q G Spec(i?j), let q = QnA/ x .\ G Spec(Ar x .\) C 
Proj (A), and let p G Proj (A) such that pA^ = q^ir^ 1 ]. Since (Ri)q = 
(Ra {p) (I( p )))q , we have that (Ri)q is Cohen-Macaulay, and so Ri is CM. □ 

Now we can prove that the Rees algebra of a homogeneous ideal / in a 
Cohen-Macaulay ring A satisfying any of the equivalent conditions above has 
Cohen-Macaulay diagonals. More generally, we have: 

Theorem 3.3.5 Assume that A is equidimensional and Ra p (I v ) is Cohen- 
Macaulay for all p G Proj (A). Then k[(l e ) c ] is Cohen-Macaulay for c» 
relatively to e 3> if and only if H % m (A)s = for all i < re. 

Proof. Given P G X, let us denote by p = P n A G Proj (A). Then 
i? A (/) P = (R Aii (I p )) P is CM and so X is CM. Then, by Corollary 3.1.4 and 
the Leray spectral sequence 

Etf = (Y, R j ir*Ox) => H i+ i(X,O x ), 

we get /P'(X, O x ) = # j (Y, C Y ) = ^ +1 (^)o for < j < re - 1, and the exact 
sequence -► #° (A) ->■ k -»• T(X, O x ) = r(Y, O y ) -»• #i(^)o 0, so we 
get the statement. □ 

Denote by E the exceptional divisor of the blow-up and by we its dualizing 
sheaf. The last result of the section shows that weaker assumptions on [CH, 
Lemma 2.1] are enough to ensure that the rings k[(l e ) c ] are Cohen-Macaulay 
for c > e > 0. 

Proposition 3.3.6 Suppose that A is Cohen-Macaulay, X is a Cohen- 
Macaulay scheme, 7r*0E(m) = J m /J m+1 for m > and i?*7r*O^;(rre)=0 for 
i > and m > 0. Then k[(l e ) c ] is Cohen-Macaulay for c » relatively to 
e » 0. 

Proof. R*ir*Ox = for i > and tt^Ox = Oy by [CH, Lemma 2.1]. 
Then, from the Leray spectral sequence, we obtain -fP(X, Ox) = H l (Y, Oy) = 
H'^ l (A) Q = for < i < re - 1 and r(X,O x ) = r(Y,Oy) = k. Now, the 
proposition follows from Corollary 3.2.5. □ 
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3.4 Cohen-Macaulay diagonals 

Once we have studied the problem of the existence of Cohen-Macaulay diago- 
nals of a Rees algebra, now we would like to study in more detail which diag- 
onals are Cohen-Macaulay. This question has been totally answered only for 
complete intersection ideals in the polynomial ring [CHTV, Theorem 4.6]. Our 
approach to this problem will give us criteria to decide if a diagonal is Cohen- 
Macaulay, which will allow us to recover and extend the result in [CHTV] to 
any Cohen-Macaulay ring as well as to precise the Cohen-Macaulay diagonals 
for new families of ideals. 

The first criterion gives necessary and sufficient conditions for a diagonal 
of a Cohen-Macaulay Rees algebra to have this property in the case where I 
is equigenerated. Namely, 

Proposition 3.4.1 Let I C A be a homogeneous ideal generated by forms of 
degree d whose Rees algebra is Cohen-Macaulay. For any c> de + 1, k[(I e ) c ] 
is Cohen-Macaulay if and only if 

(i) H l m (A) = 0, fori<n. 

(ii) H l m (I es ) cs = 0, fori<n,s> 0. 

Proof. First, recall that the assumptions on the local cohomology of A 
are necessary and sufficient conditions for the existence of Cohen-Macaulay 
diagonals (Theorem 2.3.13). Then, for any c > de + 1 and i < n, we have 
H z m (k[(r) c }) = by Theorem 3.2.3 and Remark 3.1.1. 

On the other hand, by applying Proposition 2.1.18 and Proposition 2.1.19, 
for any s < we have: 

H q M2 {R){ cs ,es) = H^ 2 (R cs _ des ) es = 

because R es = and R cs -des = 0. Therefore, for any diagonal and any 
i < n, s < 0, we get H % m (k[(I e ) c ]) s = according to Proposition 2.1.3. The 
statement, then, follows from Corollary 2.3.5. □ 

We may apply Proposition 3.4.1 to study in detail the following example 
considered by L. Robbiano and G. Valla in [RV]. 
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Corollary 3.4.2 Let {Lij} be a set of d x (d + 1) homogeneous linear forms 
of a polynomial ring A = k[X\, . . . , X n ], i = 1, . . . , d; j = 1, . . . , d + 1, and let 
M be the matrix (Lij). Let It(M) be the ideal generated by the t x t minors 
of M and assume that ht (F(M)) > d — t + 2 for 1 < t < d. Denoting by 
I = Id{M), then fc[(F) c ] is Cohen- Macaulay for any c > de + 1. 

Proof. The ideal I is generated by d + 1 forms of degree d, and the Rees 
algebra has a presentation of the form 

R A (I)= k [X! X n , Y 1 Y d+ <P d ) , 

where the polynomial ring S = k[X\, . . . , X n , Y\, . . . , i^+i] is bigraded by 
deg(JQ) = (1,0), deg(l^) = (d, 1), and 0i , . . . , 4>d is a regular sequence in 
S with deg(^) = (d + 1, 1) (see the proof of [RV, Theorem 5.11]). Then we 
have a bigraded minimal free resolution of the Rees algebra Ra{I) as S- module 
given by the Koszul complex associated to fa, . . . , 

- F d > F 1 - F = 5 - fl A (J) 0, 

with F p = 5(— (<i+ l)p, —ppp>. By applying the functor ( ) e to this resolution, 
we have a graded free resolution of I e over ^4: 

->■ F p e > Ff ->■ F e = 5 e ->■ J e ->■ 0, 

with p = min{e,<i}, = A(— p — de) p r> for certain p e p G Z, pjj / 0. The 
minimal graded free resolution of I e is then obtained by picking out some 
terms, but in any case it must have length p because the Hilbert series of 
A/I e is given by ([RV, Example 6.1]) 

h a/Az) = ^— 

(note that z p+de appears in the numerator). So by Theorem 1.3.4 we can 
compute the a*-invariant of I e and we get 

de + e — n ife<d 
de + d — n if e > d. 

On the other hand, since n > ht (F(M)) > d + 1, we have that d < n — 1, 
and so a* (I 6 ) < de. Therefore, for any c > de + 1, s > 1, we have that 
H l m (I es ) cs = for all i So fc[(/ e ) c ] is Cohen-Macaulay by Proposition 3.4.1. 
Furthermore, note that a(k[(I e ) c ]) < 0. □ 



a*(/ e ) = { 



COHEN-MACAULAY DIAGONALS 



58 



For arbitrary homogeneous ideals, we can also get a criterion for the Cohen- 
Macaulayness of the diagonals by means of the local cohomology of the powers 
of the ideal and the local cohomology of the graded pieces of the canonical 
module of the Rees algebra. More explicitly, 

Theorem 3.4.3 Let I be a homogeneous ideal in A generated by forms of 
degree < d whose Rees algebra is Cohen- Macaulay. For any c > de + 1, 
k[(I e ) c ] is Cohen- Macaulay if and only if 

(i) Hi(A) = 0fori<n. 

(ii) H l m (I es ) cs = fori<n, s > 0. 

(Hi) Hl' i+1 {K es ) cs = 0forl<i<n,s>0. 

Proof. As in the proof of Proposition 3.4.1, the assumptions on the local 
cohomology of A are necessary and sufficient conditions for the existence of 
Cohen-Macaulay diagonals. Then we have that Hl n (k[(I e ) c ])o = for i < n. 

Since R is Cohen-Macaulay, we have that Kr is Cohen-Macaulay with 
al(K R ) = 0. Therefore, for any s > 0, 1 < i < n, F^(/c[(/ e ) c ])_ s = 
H n-i+i( K esj cs by p r0 p 0sit i ori 3.1.6. Moreover, note that #° t (fc[(/ e ) c ])_ s = 
for any s > 0. Then the statement follows from Corollary 2.3.5. □ 

Let us denote by G = Ga(I) = © n >o^ n /^" +1 the form ring of I with the 
natural bigrading as a quotient of the Rees algebra. For ideals whose form 
ring is quasi-Gorenstein, we may get necessary and sufficient conditions for a 
diagonal to be Cohen-Macaulay only in terms of the powers of the ideal. 

Corollary 3.4.4 Let I be a homogeneous ideal in A generated by forms of 
degree < d. Assume that the Rees algebra is Cohen-Macaulay and the form 
ring is quasi-Gorenstein. Let a = —a 2 (GA(I)), b = — a(A). For any c > de+l, 
k[(I e ) c ] is Cohen-Macaulay if and only if 

(i) H l m (A) = 0, fori<n. 

(ii) H l m (F% s = 0, fori<n, s > 0. 

(Hi) H l m (I es - a+1 ) cs _ b = 0, for 1< i < n, s > 0. 

Proof. Under these assumptions Kr has the expected form, that is, there 
is a bigraded isomorphism 

Kr a{ i)= [I m - a+1 ]i- b 

(i,m), m>l 
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(see Corollary 4.1.7 for more details about the isomorphism). Then, for any 
s > we have K es = I es ~ a+1 (—b), and now the result follows from Theorem 
3.4.3. □ 

We can use Corollary 3.4.4 to precise the Cohen-Macaulay diagonals for a 
complete intersection ideal of a Cohen-Macaulay ring. In particular, this gives 
a new proof of [CHTV, Theorem 4.6] where the case A = k[Xi, . . . , X n ] was 
studied. 

Proposition 3.4.5 Let I be a complete intersection ideal of a Cohen- 
Macaulay ring A minimally generated by r forms of degrees d± , . . . , d r . Set 
u = X)i=i di- For any c > de + 1, k[(I e ) c ] is Cohen-Macaulay if and only if 
c > (e - \)d + u + a(A). 

Proof. From the bigraded isomorphism Ga{I) — A/I[Yi, . . . , Y r ], with 
deg(lj) = (dj,l), it is easy to prove by induction on e that the a*-invariant 
of A/T is: 

a*(A/I e ) = a(A/I e ) = {e-l)d + u + a(A). 

On the other hand, we also have that H^ r (A/I e ) s / 0, for all s < a(A/I e ) = 
(e — l)d + u + a{A) (see Lemma 5.2.19). 

Let A = (c, e) be a diagonal with c > de + 1. Since a 2 (G) = — ht (I) = —r, 
by Corollary 3.4.4 we have that fe[(/ e ) c ] is Cohen-Macaulay if and only if 
cs > a{A/I es ) and cs + a{A) > a(A/I es - r+1 ) for all s > 0. The first condition 
is equivalent to (c— de)s > u— (i+a^) for all s > 0, that is, c— de > u— d+a(A). 
The other one is equivalent to (c — de)s > u — dr for all s > 0, and this always 
holds because u — dr < 0. □ 

Until now we have given criteria to decide if a diagonal k[(I e ) c ] is Cohen- 
Macaulay once we know the local cohomology of the powers of /, and the 
local cohomology of the graded pieces of the canonical module of the Rees 
algebra. We will apply them in Chapter 5, Section 2, after computing the 
local cohomology of the powers of certain families of ideals. 

The following result shows the behaviour of the a*-invariant for the graded 
pieces of any finitely generated bigraded S'-module, so in particular for the 
powers of an ideal and the pieces of the canonical module by applying it to 
the Rees algebra and its canonical module respectively. This fact has been 
also obtained independently by S.D. Cutkosky, J. Herzog and N. V. Trung 
[CHT] and V. Kodiyalam [Ko2] by different methods (see Chapter 5 for more 
details). 



COHEN-MACAULAY DIAGONALS 



60 



Theorem 3.4.6 Let L be a finitely generated bigraded S-module. Then there 
exists a such that for any e 

a*(L e ) < de + a. 

Proof. Let e = a 2 {L). By Proposition 2.1.18, H l M2 (L)^ e) = for i > 0, 
e > eo- Then, by Proposition 2.1.3 and Proposition 2.1.18, we have that for 
any c > de + 1, e>eo, i>0, there are isomorphisms 

H i m (L A ) 1 ^ H l Ml (L)( Cye ) = H l m (L e ) c . 

On the other hand, from Corollary 2.1.12 there exist positive integers e±, ol\ 
such that H l m (L&) s = H l j^{L)i cses -\ for s / 0, e > ei, c > cfe + ai. Therefore, 
we have H l m (L e ) c = for e > max{eo,ei}, c > de + a±, i>0. This proves the 
statement. □ 

Next we will show how to obtain a family of Cohen-Macaulay diagonals 
from the bound on the shifts in the bigraded minimal free resolution of the 
Rees algebra given by Theorem 1.3.4. To begin with, let us study the bigraded 
a-invariant of the Rees algebra. 

Lemma 3.4.7 (i) a 1 (R) < a(A). 
(ii) If R is Cohen-Macaulay and a 2 {G) < —1, then a 1 (R) = a(A). 

Proof. By setting R ++ = J>O R(i,j), we have the following bigraded exact 
sequences: 

-► R ++ -> R -> A -> 
0->R++(0,l) -> R^G^O. 
For each we get exact sequences: 

... - HUA) (hj) - H^\R ++ ) (h]) - Hj+\R) {itj) - (1) 

... -> flXt(G)(jj) -> Hj$ 1 (R ++ )( i>j+1 ) -> H^ 1 (R)^ -> (2) 

Note that A {iJ) = if j ^ and so i^(,4) (iJ) = if j / 0. 

We want to determine a}(R) = max{i | 3j : HjjJ[ 1 (R)uj-\ / 0}. Sup- 
pose H 1 ]^ 1 {R)^ j) / 0. Since a 2 {R) = -1, we have j < -1. Then, 
from (2), we get F^| 1 ( J R ++ ) (iJ+1) / 0. If j + 1 < 0, from (1) we ob- 
tain H^ l (R) {iJ+1) = HJ\ 1 (R ++ )^ j+1) / 0. By repeating this argument, 
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we obtain H^ 1 (R ++ )^^ / and, since Hjff 1 (R) ( ij0 ) = 0, from (1) we 
get H£(A)i = H^A)^ / 0. Thus % < a(A), and then it follows that 
^{R) < a(A). 

Assume now that R is Cohen-Macaulay and a 2 (G) < —1. From (2), we 
have that if H 1 j^ 1 {R)i a (A),-i) = then H^ 1 (R ++ )r a rA),o) = 0. Since R is 
Cohen-Macaulay, from (1) we get H™(A) a (A) = iif^j (v4) (a(A) ,o) = 0) which is a 
contradiction. □ 

Remark 3.4.8 Note that in the proof of the Lemma 3.4.7 (ii) it is enough to 
assume H%i(G)^ A) _ 1} = and fl^ t (i?)( a (A),o) = °- 

Remark 3.4.9 Let us consider the group morphism tp : Z 2 — > Z defined by 
i>(i,j) = i + j. By Lemma 1.2.3, H^\R% = ® i+j=l H^\R) {i ^. Then, by 
applying Lemma 3.4.7 we get a (R^) < a(A) - 1. If R is Cohen-Macaulay and 
a 2 (G) < -1, we have proved H^ 1 {R) {a{A) _ 1) / and so a(R^) = a(A) - 1. 

We can use the upper bound for the bigraded a-invariant of the Rees alge- 
bra found in Lemma 3.4.7 to get bounds for the shifts (a, b) in its resolution. 
Namely, 

Lemma 3.4.10 Let I be an ideal of A generated by r forms in degrees d\ < 
... < d r whose Rees algebra is Cohen-Macaulay. Set u = Y7j=i dj- Let 

D m . . . -► D 1 D = S -► R A (I) -► 

be the minimal bigraded free resolution of Ra(I) over S. Given p > 1 and 
(a, b) £ Q, p , we have 

(i) a<0, b<0 , a< dib. 

(ii) —a — b<u + n + a(A)+p. 

(Hi) —a<u + n-\-a(A)-\-p—(r — l). In particular, —a < u + n + a(A). 
(iv) —b < r. 

Proof. It is clear that a < 0, 6 < , a < d\b. Also note that m = 
proj.dim^i? = n + r — n — 1. To prove (ii), let us consider the morphism 
ip : Z 2 -> Z defined by ^(i, j) = i + j, and note that S(a,b)^ = S^(a + 6). 
Applying the functor ( )^ to the resolution, we get a Z-graded minimal free 
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resolution of F& over S^. Moreover a(S^) = —n — u — r and a(R^) < a(A) — 1 
(see Remark 3.4.9). Given (a, b) G Q p , from Theorem 1.3.4 we get: 

—a — b < max{ —a — | (a, (3) G p } < 

< max{ —a — /? | (a, /?) G £l m } + p — m = 

= a(R^) - a(S^) + p - m < u + a(A) + n + p. 

To prove (in), observe that by Theorem 1.3.4 we have 

— a < max{— a \ (a, (3) G tip} < 

< max{ —a \ (a, (3) G f2 m } + p — m = 

= a l (R) - a 1 (S) + p - m < u + a(A) + n - r + 1 +p. 
Finally, by using Theorem 1.3.4 we also obtain: 
-b < max{ -0 | (a, (3) G %} < 

< max{ -0 | (a, 0) G ft m } = 
= a 2 {R) -a 2 {S) = -1 + r , 

so (iv) is proved. □ 

Remark 3.4.11 When / is a complete intersection ideal of the polynomial 
ring A = k[Xi, . . . , X n ], all the shifts in the resolution may be explicitly com- 
puted. In fact, by the Eagon-Northcott complex the shifts (a, b) G ft p are of 
the type: 

a = -dh ~ ••• - d jp+1 , b=-m 

where 1 < j\ < ... < j p +i < r, 1 < m < p (see [CHTV, Lemma 4.1]). Note 
that b takes all the values between — r and and the bounds of Lemma 3.4.10 
(ii), (Hi) are sharp for p = r — 1. 

Now we are ready to determine a family of diagonals of the Rees algebra 
with the Cohen-Macaulay property when the Rees algebra is Cohen-Macaulay. 
Namely, 

Theorem 3.4.12 Let I C A be a homogeneous ideal generated by r forms 
of degrees d± < . . . < d r = d. Assume that H^A)® = for all i < n. Set 
u = J2 r j = i dj . If the Rees algebra is Cohen-Macaulay, then 
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(i) k[(I e ) c ] is Cohen-Macaulay for c > max{<i(e — 1) + u + a(A), d(e — 1) + 
u-di(r-l)}. 

(ii) If I is equigenerated by forms of degree d, k[(I e ) c ] is Cohen-Macaulay 
for c> d(e - 1 + /) + a(A). 

Proof. We have already shown that the assumptions on the local cohomology 
of A imply that H^ n (k[(I e ) c ])o = for i < n. Now, let us consider the bigraded 
minimal free resolution of R over S: 

0^D m ^...^D = S^R^0, 

where D p = 0( a! &) G n p S(a,b). From Remark 2.1.11, recall that if we define 

y A = U (a , b) enAs^Z\^^<s<=^}, 

then we have H l m (k[(I e ) c ]) s = H^ 1 (R) (cS;6s) = for i < % s $ X A U Y A . 
Therefore, fe[(/ e ) c ] is Cohen-Macaulay for any diagonal A = (c, e) such that 
I 4 ur A C {0}. Since b < 0, any s G X A satisfies s > 0. If b < -1, then 
bd — a — n < —d + u + a(A) by Lemma 3.4.10. If b = 0, then note that [D.]o 
is a graded minimal free resolution of A over Si with [D p ]q = 0( aj o)en p Si( a )i 
so bd — a — n = —a — n < a(A) by Theorem 1.3.4. Therefore, by taking 
c > (e - \)d + u + a(A), we have bd c 1 a ~ n < 1 and so X A C {0}. On the 
other hand, any shift (a, b) G satisfies 6 > — r by Lemma 3.4.10, so if 
s € Y A then s < — 1. By taking c > d(e — 1) + u — di(r — 1), one can check 
(fc+ c-e7~ a > -1, so y A = 0. This proves (i). 

Now, let us assume that / is generated in degree d. From the proof of 
Proposition 3.4.1, we have that if^(/c[(/ e ) c ]) s = for % < n, s < 0. So it 
is just enough to study the positive components of these local cohomology 
modules. Tensoriazing by k(T) we may assume that the field k is infinite. 
Then, since the fiber cone F m (J) of 7 is a fc-algebra generated by homo- 
geneous elements in degree (d, 1), there exists a minimal reduction J of I 
generated by I forms of degree d. Now, by considering the polynomial ring 
S = k[Xi, . . . , X n , Yi,...,Yi], we have a natural epimorhism S — > Ra{J)- 
Then Ra{J) is a finitely generated bigraded 5- module, and so Ra{I) because 
it is a finitely generated JiA(«/)-module. Then we may consider the bigraded 
minimal free resolution of Ra{I) over S, and it suffices to check that the sets 



COHEN-MACAULAY DIAGONALS 



64 



X A and Y A associated to this resolution do not have positive integers for 
c> d(e- 1 + 1) + a(A). □ 

In the case where A = k[Xi, . . . , X n \ we can improve the bounds slightly. 
More explicitly, 

Theorem 3.4.13 Let I C A = k[X±, . . . ,X n ] be a homogeneous ideal gener- 
ated by r forms of degrees d\ < . . . < d r . Assume that the Rees algebra Ra{I) 
is Cohen-Macaulay. Then, by defining 

a = min {d(e — 1) + u — n, e(u — n)} , 

(3 = min{<i(e — 1) + u — d\(r — 1), e(u — d±)} , 

we have that k[(I e ) c ] is Cohen-Macaulay for all c > m&x{de, a, (5). 

Proof. Note that the first homomorphism in the resolution of the Rees 
algebra is: 

D = S — R A (I) 
Xi ^ X % 
Yj ^ , 

so any shift (a, b) G Q p , with p > 1, satisfies b < 0. Note that if M ~Xd < IT 
for all (a, b) G Q p , p > 1, then X is empty. This condition is equivalent to 
e(— a — n) < —6c. Since e(— a — n) < e(—n — u) by Lemma 3.4.10 and —be > c, 
it suffices to take c > e(u — n) to get this condition. Similarly, if c > e(u — d±) 
then Y A = and we are done. □ 

Remark 3.4.14 With the notation above, note that a = e(u — n) if and 
only if u — d — n < 0, and (3 = e(u — d\) if and only if u — d — d\ < and 
e > ^u-dl^-d^ ■ -^or instance, if u — d < n then k[(I e ) c ] is Cohen-Macaulay 
for all c > maxjde, /?}. 

We finish this section with an application of Corollary 3.1.4 to the study 
of the (n — l)-folds obtained from PjJ -1 by blowing-up a finite set of distinct 
points. Let P\,. . . ,P S G P£ _1 be distinct points, and for each i = 1, . . . , s, 
denote by V% C A = k[X±, . . . ,X n ] the homogeneous prime ideal which cor- 
responds to Pi. Let us consider the ideal of fat points / = V™ 1 PI ... PI V™" , 
with mi, . . . , m s G Z>i. Next we study the embeddings of the blow-up of P]? -1 
along X via the linear systems (I e ) c , whenever these linear systems are very 
ample, slightly extending [GGP, Theorem 2.4] where only the divisors (I c ) 
were considered. 
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Theorem 3.4.15 Let I C A = k[X\, . . . ,X n ] be an ideal of fat points, where 
k is a field with characteristic 0. Then: 

(i) k[(I e ) c } is Cohen- Macaulay if and only if H l m (I es ) cs = for any s > 0, 
i < n. 

(ii) For c > reg(I)e, k[(I e ) c ] is Cohen- Macaulay with a(k[(I e ) c ]) < 0. In 
particular, reg (&:[(/ e ) c ]) < n — 1. 

Proof. Let X be the blow-up of the projective space P^ _1 along X. Assume 
that / is generated by forms in degree < d. Then we have shown that C e Ai c 
is very ample if c > de. Therefore, for any s < 0, i < n — 1, c > de, we have 
that H l (X, C es ®M CS ) = by the Kodaira vanishing theorem (see for instance 
[Har, Remark III.7.5]). Then, H l m (k[(I e ) c ]) s = for i < n, s < by Remark 
3.1.1. 

On the other hand, from Proposition 3.3.3 we get -T(X, Ox) = k and 
H l (X,Ox) = for all i > 0. Then, according to Remark 3.1.1, we have 
H l m (k[(I e )c])o = for any i. 

Finally, note that for a given p G Proj (A) we have: 

p \V^A V% ifp = n. 

In both cases, RA v {Ip) is Cohen-Macaulay. So, according to Corollary 3.1.5, 
we have that for any s > and c > de + 1 there is an exact sequence 

o - H° m (k[(i e )c])s - (/ e % - (i es y cs - Hi(k[(n c )) s - o 

and isomorphisms ff^(/c[(/ e ) c ]) s = H l m (I es ) cs for i > 1. Therefore, we im- 
mediately get (z). From [GGP, Theorem 1.1] or [Cha, Theorem 6], we 
have a*(7 e ) < reg(/ e ) < e reg(7). Then, by taking c > reg(/)e, we have 
i?^(A;[(/ e ) c ]) s = for any s > 0. So k[{I e ) c ] is Cohen-Macaulay with 
a{k[{F) c ]) < 0. □ 

3.5 Linear bounds 

S.D. Cutkosky and J. Herzog [CH] studied sufficient conditions for the exis- 
tence of a constant / satisfying that the rings /c[(/ e ) c ] are Cohen-Macaulay 
for all c > ef and e > 0, that is, for the existence of a linear bound on c and 



LINEAR BOUNDS 



66 



e ensuring that k[(I e ) c ] is Cohen-Macaulay. Note that, according to Theorem 
3.4.12, this holds for any homogeneous ideal in a Cohen-Macaulay ring whose 
Rees algebra is Cohen-Macaulay. Our first purpose is to show that this also 
holds under the weaker assumption that Ra v {I p ) is Cohen-Macaulay for any 
p G Proj (A). This would recover for instance locally complete intersection 
ideals. 

Let K = Kr = 0(j j) be the canonical module of R = R A (I), and 

let K e be the graded A- module K e = 0jif(j ie ). Then we have 

Theorem 3.5.1 Assume that Ra p (I p ) is Cohen-Macaulay for all p G 
Proj (A). Then tt^wx ® C e ) = K* and R j K*(w x <8> C e ) = for e > 0, 
3 > 0. 

Proof. Let Ai = A^, U = 1^, Ri = A^Irf] and K { = K R ® Let 
us consider the affine cover {Y{ : 1 < i < n} of Y, where Yi = Y — V+(xi) = 
Spec( J 4j). Denote by = ir^Yi = Proj Then, for a given j and e > 

we have that R^tt^{wx <8> £ e ) = if and only if Riir*(w x ® £ e ) | li = for all 
1 < z < n. Furthermore, we have a diagram 

X i = Proj(i2 i ) — X = Proj 2 (i?) 

tt'| vt I 

Y = Spec(Ai) ^ y = Proj(A) 

Now, by Corollary III. 8. 2 and Proposition III. 8. 5 of [Har], for any e > and 
j > we have 

R j ir*(w x ® £ e ) | IS = ((«;*■ ® £ e ) I Xi) = H j (Xi, (w x ® C e ) | Xi)~. 

Since (w x <8> £ e ) | X = iiQ(e), we have reduced the problem to show 
that H J { ^ )+ (Ki) e = 0. Similarly, 7r*(u> x <g> C e ) = K* if H^ )+ (Ki) e = 

^) + («i)t = o. 

Denote by i?j = (-^J- Tensoriazing by we have 

so it is enough to show that Hj— (K <g) i?j) e = for any i,j and e > 0. Let 
q G Spec(.A Xj ) be a homogeneous prime, and let p G Proj (A) be such that 
q = pA Xi . Denote by 5 = i? j4p (/„). Then 

[^i i)+ (^®^)e] q = [^ )+ (if®7Zi) q ]e = [H> B+ (K® A A p )] e . 
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By taking into account that B is Cohen-Macaulay, standard arguments allow- 
to check that K ®a A v = Kb or K ®a A p = 0. In any case, we have that 
[H 3 B {K <g>A A p )]e = for any j and e > 0, so we are done. □ 

From this result we can obtain a simple criterion for having a linear bound 
for the Cohen-Macaulay property First, let us notice the following interesting 
fact. 

Proposition 3.5.2 Let A be an equidimensional ring. Assume Ra p (I p ) is 
Cohen-Macaulay for all p G Proj (A). Then, for any c > ale + 1 and e > 0: 

(i) For s > 0, there is an exact sequence 

- H° m (k[(I%])s - (I e %s - (I eS Tcs - HlM(I e )c])s - 

and isomorphisms H^ n (k[(I e ) c ]) s = H l m {I es ) cs for i > 1. 
(%%) For s > 0, 1 < i < n - \, W m {k\{P) c \)_ s * H*- i + 1 (!(<»)„. 

Proof. The first part of the statement follows directly from Corollary 3.1.5. 
To prove (ii), let s > 0, i > 1. Then 

H L( k K ie )c\)~s = H^iX, C- es ® M- cs ) by Remark 3.1.1 

= H^-^X, w x ® C es (g> M cs ) by Serre's duality 

= il" _i (y, n*(w x <8> C es ) <g> M cs ) by Theorem 3.5.1 

= H^-^Y, K^ s {cs)) by Theorem 3.5.1 

= Hl- i +\K*% s . □ 

Theorem 3.5.3 Assume that A is an equidimensional ring with HL 1 (A)q = 
for i < n. If I is a homogeneous ideal of A such that Ra p (I p ) is Cohen- 
Macaulay for all p £ Proj (A), then there exists a such that k[(I e ) c ] is Cohen- 
Macaulay for c > de + a, e > 0. 

Proof. From Proposition 3.3.5 we have that k[(I e ) c ] is Cohen-Macaulay for 
c > e > 0. So, in particular, by Theorem 3.2.3 and Remark 3.1.1 we have that 
Hl n (k[(I e ) c ])Q = for any c > de + 1, i < n. On the other hand, according to 
Theorem 3.4.6, there exists a > such that a*(I e ) < de + a, a*{K e ) < de + a, 
for all e. Then, k[(I e ) c ] is Cohen-Macaulay for any c > de + a by Proposition 
3.5.2. □ 
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In particular, we can recover Corollary 4.2 and Corollary 4.4 in [CH]. 
Furthermore, note that the bound has been improved slightly. 

Corollary 3.5.4 Let I be a locally complete intersection ideal in a Cohen- 
Macaulay ring A. Then there exists a such that such that k[(I e ) c ] is Cohen- 
Macaulay for any c> de + a and e > 0. 

Corollary 3.5.5 Let I be a homogeneous ideal such that 1^ is a strongly 
Cohen- Macaulay ideal with (i(Ir p \) < ht (p) for any prime ideal p D I. Then 
there exists a such that such that k[(I e ) c ] is Cohen-Macaulay for any c > de+a 
and e > 0. 

We can also characterize the existence of linear bounds for the Cohen- 
Macaulay property of the rings k[(I e ) c ] by means of the local cohomology 
modules of the Rees algebra and its canonical module. Namely, 

Proposition 3.5.6 Assume that there exist c,e such that k[(I e ) c ] is Cohen- 
Macaulay. Then the following are equivalent 

(i) There exists f such that k[(I e ) c ] is Cohen-Macaulay for c > ef, e > 0. 

(ii) There exists f such that H l R+ (R)^ = 0, H R ~ l+1 (K R )( c ^ = 0, for 
i <n, c > ef and e > 0. 

(Hi) There exists f such that H l M2 (R)^ e) = 0, H^ +1 (K R )^ e) = 0, for 
i < re, c > ef and e > 0. 

Proof. From Proposition 2.1.2, we have H % m (k[(I e ) c ]) s = H % R+ (R)( cses } for 
any s > 0. Moreover, since X is Cohen-Macaulay and equidimensional we 
also have that H % m {k[(I e ) c \)^ s = H R ~ t+1 (K R )( CSyes ) for 1 < % < re and s > 
according to Proposition 3.1.6. Therefore two first conditions are equivalent. 

To prove (ii) <^=^ (in), first we will show that there exists / such that 
for all i, e > 0, c > ef it holds 



Then, from the Mayer- Vietoris exact sequence, we get that for any i, e > 0, 



H M( R )(c,e) 



H Mi( R )(c,e) - °> 



c > e/, 



H R+( R )(c,e) - H% M 2 ( R ){c,e) 
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H R + ( K R>(c,e) - H M 2 ( K R\c,e), 

and so (ii) and (Hi) are equivalent. To get the vanishing of the local coho- 
mology modules with respect to the maximal ideal M, it is just enough to 
take c > max. {al(R),al(Kji)}. By Theorem 3.4.6 there exists a > such 
that a*(/ e ) < de + a, a*(K e ) < de + a, so by taking c > de + a we have 
HUMce) = Hl(I% = and W Ml {K R \ Cfi) = IP m (K°) c = 0. □ 

Also note that the last proposition holds if we replace the condition for all 
c > ef and e > by the following one: for all c > de + a and e > 0. As a 
direct consequence, we obtain: 

Corollary 3.5.7 Assume that R has some Cohen-Macaulay diagonal. If 
at(R) < and al(Kji) < 0, there exists a such that k[(I e ) c ] is Cohen-Macaulay 
for all c> de + a and e > 0. 

Proof. It is a direct consequence of Proposition 3.5.6 by noting that for 
any i and e > we have H l M2 (R) (Cje) = 0, H l M2 (K R )^ = by Proposition 
2.1.18. □ 

Remark 3.5.8 The converse of the last corollary is not true. Let us take the 
homogeneous ideal / = (x 7 , y 7 , x 6 y + x 2 y 5 ) in the polynomial ring A = k[x, y]. 
We have m 14 C /, so (I e ) c = A c for any c > 14e, and then k[(I e ) c ] = k[x a y b \ 
a + b = c] is Cohen-Macaulay for all these c, e. But al(R) = 4 > by [HM, 
Example 3.13]. 
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Chapter 4 



Gorenstein coordinate rings 
of blow-up schemes 

Let Y = Proj(A) be a closed subscheme of P^ -1 , and let X be the blow-up 
of Y along 1 = 1, where / is a homogeneous ideal in A. If / is generated by 
forms of degree < d, we have already shown that for any c > de + 1 the ring 
k[(I e ) c ] is the homogeneous coordinate ring of a projective embedding of X in 
P^ -1 , where N = dimfc(/ e ) c . In this chapter we are interested in the (quasi-) 
Gorenstein property of the rings k[(I e ) c ]. The results work in the case of the 
blow-up of the projective space P^" 1 . 

If the Rees algebra is Cohen-Macaulay and the associated graded ring is 
Gorenstein we will determine exactly for which pairs (c, e) the ring fc[(I e ) c ] is 
quasi-Gorenstein and, in particular, we will obtain that there is just a finite set 
of diagonals with this property. This result can be applied to several families 
of ideals. In particular, to any complete intersection ideal, extending in this 
way [CHTV, Corollary 4.7], and to the ideal generated by the maximal minors 
of a generic matrix. 

After that, we show that there are always at most a finite number of 
rings k[(I e ) c ] which are quasi-Gorenstein and we give upper bounds for such 
diagonals whenever Ra(I) is Cohen-Macaulay. 

Finally, we prove that under some restrictions the existence of a diagonal 
(c, e) such that k[(I e ) c ] is quasi-Gorenstein forces the associated graded ring 
to be Gorenstein. 
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At the end of the chapter we apply our results to Room surfaces. These 
surfaces are obtained by blowing-up P| along C^ 1 ) points, d > 2, which do 
not lie in any curve of degree d — 1 and then embedding in P^ rf+2 . We will 
show that the only Room surface which is Gorenstein is the del Pezzo sestic 
surface in P 6 , so recovering that well known result (see [GG, Example 1]). 

4.1 The case of ideals whose form ring is Gorenstein 

Throughout all the chapter we shall use the following notations. A = 
k[X\, ...,X n ] will denote the usual polynomial ring with coefficients in a field k, 
and I C A a homogeneous ideal minimally generated by forms fi,...,f r of de- 
grees d\ < ... < d r = d. We put u = Y^j=\dj- Let S = k[Xi, X n , Yi, Y r \ 
be the polynomial ring with the grading obtained by setting degXj = (1,0) 
for i = l,...,n, deglj = (dj,l) for j = l,...,r; so that R = Ra{I) and 
G = Ga(I) can be seen in a natural way as bigraded S- modules. We will 
assume n > r > 2. 

Notice that any diagonal Sa of the polynomial ring S is Cohen-Macaulay 
by Corollary 2.1.8. We begin this section by showing that, on the contrary, 
Sa is Gorenstein only for a finite number of diagonals. Furthermore, we may 
determine them. 

Proposition 4.1.1 Sa is Gorenstein if and only if | = = !eZ. Then 
a(S A ) = -I. 

Proof. Let T = = s >q U s , where U s is the /c-vector space generated by 
the monomials I" 1 • • • X^Yf 1 ■ ■ ■ Y@ r with ojj, (3j > satisfying the equations 

w 

By Corollary 2.1.4, we have 

H^-\T)^H n ^{S)A = { kX a Y?) A . 

a<0,/3<0 

Therefore, K T = Hom fc (F" +r ^ 1 (r), k) = S > X V s with V s the k- vector space 
generated by the monomials X® 1 ■ ■ ■ X^Yf 1 ■ ■ ■ Yf r , and ai > 0, j3j > which 
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satisfy (★). Since T is Cohen-Macaulay, T is Gorenstein if and only if Kt = 
T(a(T)). 

Assume first that | = = I £ Z. Then, the multiplication by 

Xi ■ ■ ■ X n Y\ ■ ■ ■ Y r G Ti induces an isomorphism T = Kt{1) and so T is Goren- 
stein with a(T) = —I. 

To prove the converse set (a, (3) = (a±, a n , (3 r ) with Ui,(3j > 

and assume the contrary. This means that (1,1) is not a solution of (*) for 
any s. On the other hand, the set of solutions of (*) for some s is partially 
ordered by means of (a,/3) < (7, p) <=^ cti < ji, f3j < pj, Vz,j. Then, one 
can easily check that for any i = 1, . . . , n, j = 1, . . . , r there exists a solution 
of (*) for some s such that «j = (3j = 1. This implies the existence of at least 
two minimal solutions, and so T is not Gorenstein. □ 

Remark 4.1.2 Note that the number of minimal elements in the set of solu- 
tions of the system (★) coincides with the type of Sa- It is not difficult to see 
that if 5a is not Gorenstein, then its type is > r. 

Remark 4.1.3 Throughout the chapter we assume r > 2. In the case that 
r = 1 we have that / is a principal ideal, and Ra{I) = S = k[X\, . . . , X n , Y]. 
Then, it is easy to check that Sa is always Cohen-Macaulay, and 5a is Goren- 
stein if and only if A = (n + d, 1). 

The last proposition leads to the question of whether there exist diagonals 
(c, e) such that k[(I e ) c ] be quasi-Gorenstein, and how we can determine them. 
Our answer will be partially based on the following proposition which links 
the diagonal of the canonical module of Ra{I) to the canonical module of the 
diagonal of Ra{I)- It is stated and proved for complete intersection ideals in 
[CHTV, Proposition 4.5], but in fact the same statement and proof are valid 
in general. We include the proof for completeness. 

Proposition 4.1.4 Kr a = {Kr)&. 

Proof. Let us consider a presentation of R as 5-module 

O^C^S^R^O, 
which leads to the bigraded exact sequence of local cohomology modules 
- B%\R) - H^(C) - H^(S) - 0. 



IDEALS WHOSE FORM RING IS GORENSTEIN 



74 



Similarly, we get the graded exact sequence 

- HZ(Ra) - HZ + \C A ) - HZ + \S A ) - 0. 
On the other hand, by Corollary 2.1.4 we have a commutative diagram 

- H^HR)a - H^\C) A - H$ 2 (S) A - 

v n R T v?c +1 T v n s +1 T 

- fl£(fl A ) - ^ +1 (C A ) - ^ +1 (^a) - 

where ¥>£ +1 , Vs" 1-1 are isomorphisms, and so ip 7 ^ is also an isomorphism. There- 
fore H™{R A ) H^ l (R) A and we get 

^i? A =Hom fc ( J ff«( J R A ),fe) = Horn, (^(i?) A , A;) = 

= Hom fe (^ +1 ( J R),A;)A = (Kr)a- □ 

Remark 4.1.5 The hypothesis re > r > 2 fixed before is only used in this 
chapter to prove Proposition 4.1.4, and of course its applications. Nevertheless, 
the isomorphism Kr a = (Kr) a is also valid if re, r > 2, / is equigenerated and 
R is Cohen-Macaulay. To prove this, assume r > re (otherwise we may apply 
Proposition 4.1.4). Let us consider the bigraded minimal free resolution of R 
over S 

-► LV_i • • • £>i A) = S -► i? -► 0, 

with Dp = 0^ a 6) G ^ p <S(a, b). Since R is Cohen-Macaulay, we have —b < r — 1 
and —a > — bd for all (a, b) 6 by Lemma 3.4.10. On the other hand, recall 
from Corollary 2.1.7 that H r M2 (S(a,b)) {cs>es) + if and only if < s < 

~ b ~ r , so we get H r M2 {D p ) A = for all p. Since r > re, we also have that 
H' l Mi (D p ) A = H' l M2 (D p ) A = for all z > re. Then, by Proposition 2.1.10 and 
Proposition 2.1.3 we have that <f^ +1 is an isomorphism, and the same proof 
as in Proposition 4.1.4 shows that Kr a = (Kr) a . 

This means that all the results we are going to prove in this chapter are 
also valid if re, r > 2, I is equigenerated and Ra{I) is Cohen-Macaulay. 

In view of Proposition 4.1.4 any information on the bigraded structure of 
Kr will be of interest. Let B be a d-dimensional local ring, d > 1, which has 
a canonical module Kb and /C Ban ideal of positive height such that Rb(I) 
is Cohen-Macaulay. In [TVZ, Theorem 2.2] it is given a description of K Rg ij^ 
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in terms of a nitration of submodules of Kb- Assume now that B = © n>0 B n 
is a positively graded ring of positive dimension over a local ring Bq, which 
has a canonical module Kb- Let / C B be a homogeneous ideal of positive 
height. Then, the Rees algebra Rb(I) has a bigraded structure by means of 
[RB(I)](ij) = {I 3 ) it 3 for all i,j > 0. We also have a bigraded structure on the 
form ring by means of [Gb(I)](ij) = (P)i/(I 3+1 )i for an hj > 0. 

Then, the proof of [TVZ, Theorem 2.2] may be "bigraded" and we thus 
obtain a description of the bigraded structure of K Rg (jy Namely, we get: 

Theorem 4.1.6 With the notation above assume that Rb(I) is Cohen- 
Macaulay. Then, there exists a homogeneous filtration {K m } m >o of Kb and 
isomorphisms of bigraded modules such that 

K Rs(D= [K m ]i, 

(Z,m), m>l 

K Gb (I)= [Km-MK^. 
(l,m), m>l 

Several other results of [TVZ] may also be "bigraded". In particular [TVZ, 
Lemma 4.1] which makes precise when the canonical module of the Rees alge- 
bra has the expected form. Recall that K Rg ^ has the expected form if 

k Rb{i) ^BteBt 2 e---®Bt l ® it l+1 © /V +2 © • • • , 

for some I > 0. This definition was introduced by J. Herzog, A. Simis and 
W. Vasconcelos in [HSV2]. We still use the same notation and again omit the 
proof. 

Corollary 4.1.7 Assume Rb(I) is Cohen- Macaulay and Gb{I) is quasi- 
Gorenstein. Set a(G B (J)) = (-b, -a). Then K B = B(-b) and 

Kr b (i)= [I m - a+1 h- b , 

(l,m), m>l 

where l n = B if n < 0. 

Note that —a coincides with the usual a-invariant of Gb(I)- By Ikeda- 
Trung's criterion [IT] it is always negative if Rb{I) is Cohen-Macaulay, and 
it has been calculated in many cases (see for instance [HRZ], [GH]). As for 
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b, it is clear that under the hypothesis of Corollary 4.1.7 we get —b = a{B). 
It is then also easy to compute the bigraded a- invariant of Rb(I)- Namely, 
we get that if a = 1 then sl(Rb(I)) = {—d\ + a(B), —1), and if a > 1 then 
a(i2 B (/)) = (o(B),-l). 

Remark 4.1.8 Assume that B = A = k[Xi,...,X n ] and I is a complete 
intersection ideal. Then, the Eagon-Northcott complex provides a Z 2 -graded 
minimal free resolution of Ra(I)- Following the proof of Yoshino [Yos] it is 
possible to see that 

K RA{I) =J((r-2)d 1 -n,-l) 

with j = (/r 2 , /r 2 1, /r 2 o^o- 

Observe that in this case cl(Ga(I)) = (— n, —r) and by Corollary 4.1.7 

(Z,m), m>l 

A straightforward computation shows that, in fact, multiplication by f[~ 2 
provides an explicit isomorphism 

[J— r+ Vn = J((r-2)d 1 -n,-l). 

(l,m), m>l 

Let us now assume that I C A = k[X±, . . . ,X n ] is a homogeneous ideal 
whose form ring is Gorenstein. We are now ready to prove the main result of 
this section determining the quasi-Gorenstein diagonals of Ra{I)- Namely, 

Theorem 4.1.9 A ssume ht (I) > 2, d\m.(A/I) > 0, andGA(I) is Gorenstein. 
Set a = —(i 2 (Ga(I))- Then k[(I e ) c ] is quasi-Gorenstein if and only if ^ = 
^ = l € Z. In this case, a(k[(I e ) c }) = -l Q . 

Proof. Note that the Rees algebra R is Cohen-Macaulay by using a result 
of Lipman [Li, Theorem 5]. Now, by applying Corollary 4.1.7 we have that 
b = — a(A) = n and Kr = 0(; jm ) im >i[^ m_a+1 ]i-n, so that by Proposition 
4.1.4 we get K Ra = (K R ) A = ©^[i^-^ld-n- Let l = mm{l G Z | I > f }, 
s = a — 1 — e/o- We shall now distinguish three cases. 

If s = 0, then the first non-zero component of Kr a is [-?Cr a ]z = 
[I elo ~ a+1 ] c l - n = A c i _ n , so that if i?A is quasi-Gorenstein cIq — n = and we 
get that Zo = f =5 ir and °(^a) = -Zo- Conversely, if Z = f = ^ then 
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[K RA ]i 0+m =[I elo - a+1+em U )+cm -n = [I em ] cm = [RaU for all m and so R A is 
quasi- Gorenstein . 

If s < 0, let h = mm{l \ el- a+ 1 > 0, el- n > di(e/-a+l)}. Then h > l 
and the first non-zero component of Kr a is [K^]^ = [I ell ^ a+1 ]d 1 -n- In par- 
ticular, a(R/s.) = Assume Ra is quasi-Gorenstein. Then Kr a = Ra(-Ii) 
and so [ifjj A ]^ = k. This implies that cl\ — n = d±(eli — a + 1) : If 
cl\ — n — d\(el\ — a + l) = r>0we may choose two lineary independent forms 
g, h G A r such that g ff 1-0+1 , hft h ~ a+1 G [I eh - a+1 ] dl - n k, which is a con- 
tradiction. From the isomorphism one gets that Kr a is generated by y^i-a+i 
as i?A-module. Now let fj g" rad (/i) (it exists because ht (I) > 2), and choose 
m such that m(c — dje) > dj — d\ and there exists / G A2i+cm-d(em+i) 
such that (/,/!) = 1. Then ft h ~ a ff m+1 f G [/ e ^- a+1+em ], l(e;i _ a+1 ) +cm = 
/f 1_a+1 [/ em ] cm , and we get /| m+1 / G (/l) which is a contradiction. 

If s > 0, the first non-zero component of Kr a is [/ e '°^ a+1 ] c / -n = A c i _ n , 
so if i?A is quasi-Gorenstein we get cIq — n = 0. Furthermore, for all m > 
1 we have [i^ A ]* 0+m = [I' s+em ] do - n+cm = [I- s+em ] cm * [I em } cm . Since 
s > and [I em ] C m C [^ _s+em ] C m this isomorphism is possible if and only if 
[I em ]cm = [I~ s+em ]cm- Now choose Xi such that Xj G" rad (I) (it always exists 
because d\m.(A/I) > 0) and m with em — s > 1. For any j consider Fj = 
X i j fj m ~ s where ctj = cm-dj(em-s) > 1, and assume [I em ] cm = [I~ s+em \cm- 
Then G [I em ~% m and so x? J fj m ~ s G / em . Now let . . . such that 
ci + . . . + Cr > r(em — s). This implies that there exists I with q > em — s 
and so XfVi 1 • • • /r r = XfVf^Vr • • • ,/f- em+s . . . G /<*+■■■+*■+«, s i nce 
«i > ol% for all i. Thus we get Xfl h C / fe+s for h » 0, which implies that 
Xf G I s C / since i^OO is Cohen-Macaulay (see [TVZ, Lemma 4.3]). But 
this contradicts Xi G" rad (/) and so R& is not quasi-Gorenstein. □ 

The remaining cases ht (/) = 1, n in the above theorem are studied sepa- 
rately in the following remarks. 



Remark 4.1.10 If ht (I) = 1 then A;[(/ e ) c ] is never quasi-Gorenstein. In fact, 
by [TVZ, Proposition 4.6], a 2 (G A (I)) = -1 and so a = 1. Following the same 
proof as in Theorem 4.1.9 we have that s = —elo < 0. On the other hand, 
since ht (I) = 1 we may write / = g J, with ht (J) > 2, J = (f 1: . . . , f r ) and 
fj = fjg for all j. The same argument as in Theorem 4.1.9 for the case s < 
but taking fj G" rad^J and / G A dl+cm _ d ^ em+1) such that = 1 leads 

to f e ™ +1 f G (fi), which is a contradiction. 
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Remark 4.1.11 If dim(A/I) = 0, then the condition ^ = ^ = / e Z is 
sufficient but not necessary for fc[(/ e ) c ] to be quasi-Gorenstein. For instance, 
let A = k[X 1 ,X 2 ,X 3 ] and I = (X 1 ,X 2 ,X 3 ). Note that n = 3>r = 3>2, 
G is Gorenstein and a = 3. Then, by Corollary 4.1.7 we have that Kr = 
©(/,m),m>i[^ m ~ 2 ]z-3- According to Proposition 4.1.4, by taking the (3,1)- 
diagonal we have 

Kr a = 0[/'- 2 ]3(/-i) =0^30-1) = (0^)("1) = Ra(-1), 

1>1 1>1 l>0 

and so Ra = k[Is] is quasi-Gorenstein. In this case, ^ =1 / 2 =^-- 

As a consequence of Theorem 4.1.9 we obtain the following result for the 
case of complete intersection ideals. It generalizes [CHTV, Corollary 4.7] 
where the case of ideals generated by two elements was considered. 

Corollary 4.1.12 Let I C k[X\, . . . , X n ] be a complete intersection ideal min- 
imally generated by r forms of degrees d\ < . . . < d r = d, with r < n. Then 
for c > de + 1, k[(I e ) c ] is Gorenstein if and only if ^ = = I g Z. In this 
case, a(k[(I e ) c \) = -l . 

Proof. Since o?(Ga{I)) = — r, by Theorem 4.1.9 we have that /c[(/ e ) c ] is 
quasi-Gorenstein if and only if ^= r -=^- =l G Z. But then u + (e — l)d — n < 
rd + ed — d — n = (r — l)d + de — n = e^d + de - n = n(^f^) + de < de < c, 
and according to Proposition 3.4.5, k[(I e ) c ] is also Cohen-Macaulay and so 
Gorenstein. □ 

We may also study the ideals generated by the maximal minors of a generic 
matrix. We thank A. Conca for suggesting to consider this case. 

Example 4.1.13 Let X = (Xij) be a generic matrix, with 1 < i < n, 1 < 
j < m and m < n. Let us consider I C A = fe[X] the ideal generated by the 
maximal minors of X, where k is a field. In this case, the Rees algebra Ra(I) 
is Cohen-Macaulay and the form ring Ga{I) is Gorenstein [EH, Theorem 3.5]. 
Moreover, it has been proved by A. Conca (personal communication) that all 
the diagonals of Ra(I) are Cohen-Macaulay (see also Example 5.2.23). 

Now we want to study the Gorenstein property of these diagonals. Note 
that / is an equigenerated ideal whose Rees algebra is Cohen-Macaulay, so 
we can apply Theorem 4.1.9 thanks to Remark 4.1.5. Since I is generically a 
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complete intersection, we have that o 2 (Ga(/)) = — ht (I) = — (n — m + 1). We 
shall distinguish two cases. 

If m < n, then ht (J) > 2, and we get that k[(I e ) c ] is Gorenstein if and 
only if lip = ™=™ g z. So there exists always at least one diagonal which is 
Gorenstein by taking c = nm, e = n — m. 

If m = n, note that / is a principal ideal and so the Rees algebra is 
isomorphic to a polynomial ring. Then the only diagonal which is Gorenstein 
occurs when c = n(n + 1), e = 1 by Remark 4.1.3. 

4.2 Restrictions to the existence of Gorenstein di- 
agonals. Applications. 

In Section 4.1 we have proved that under the assumptions of Theorem 4.1.9 
there is just a finite set of diagonals (c, e) such that /c[(/ e ) c ] is quasi-Gorenstein. 
Our next result shows that this holds in general. 

Proposition 4.2.1 There exist at most a finite number of diagonals (c, e) 
such that k[(I e ) c ] is quasi-Gorenstein. 

Proof. Let Wi, ...,w m E Kr be a homogeneous system of generators of Kr 
as i?-module with degu>j = for all i, and so Kr = J2iL±Rwi- Note 

that since R is a domain Kr is torsion free. For any diagonal A = (c, e) we 
then have by Proposition 4.1.4 that for all Z > 1 

[Kr a ]i = £ [I el -%i- ai w t . 

i=l,...,m,el—(3i>0 

If Ra is quasi-Gorenstein there exists an integer I such that [Kr a ]i = k and 
so [I^^^jd-a, / for some i (★). We shall distinguish two cases. 

Assume first that / is an equigenerated ideal in degree d. Then condition 
(*) implies that el — (3i = and d — ai > or el — fii > and cl — ai > d{el — /3i). 
If el — Pi = 0, then k = [-Kr a ]z D A c i^ a% Wi and since Kr is torsion-free we get 
cl — a.i = 0. Hence (c, e) satisfies ^ = = I € Z and the statement holds. If 
el — Pi > then k = [Kr a ]i D [/ e ' - ^ i ] c ;_ a , i u;j which is impossible since -JCr is 
torsion free and cl — on > d(eZ — Pi). 

Assume now that / is not equigenerated. Condition (*) implies that eZ — 
Pi = and cl — ai > or el — Pi > and cl — ai > d\(el — Pi). In the 
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first case we may proceed as before to get the statement. In the second case 
we have that k = [Kr a ]i D [I el ~l 3i \ d _ a .'Wi and so cl — on = d\(el — Pi) and 
d\ < di- Then cti — d\Pi = cl — d±el > c — d\e > (d — d±)e since I > 1 and 
c > de + 1 > de. Thus we obtain the inequality e < ^z^~ an d for each e, 
we have c < die + oli — dify. In any case, these inequalties hold for at most a 
finite number of diagonals and so we get the result. □ 

For a real number x, let us denote by \x~\ = min{m £ Z | m > x}. If 
the Rees algebra Ra(I) is Cohen-Macaulay we can also give bounds for the 
diagonals (c, e) such that k[(I e ) c ] is quasi-Gorenstein. 

Proposition 4.2.2 Assume that ht (I) > 2 and Ra(I) is Cohen-Macaulay. 
Let a = —a 2 (GA(I))- If k[(I e ) c ] is quasi-Gorenstein, then e < a — 1 and 
c < n. Moreover, if dim(A/I) > then |~|] - 1 = ^ £ Z. /n particular, if 
a = 1 i/iere are no diagonals (c, e) suc/i i/iai /c[(/ e ) c ] is quasi-Gorenstein. 

Proof. By Theorem 4.1.6, there exists a homogeneous filtration {K m } m >o 
of K A such that K R © m > x if m and K G © m > x K m ^/K m . Bigrading 
the proof of [TVZ, Corollary 2.5], we have that K m = Horn a(I, Km+i) f° r 
every m > 0. Note that Ka may be viewed as an ideal of A. Assume that Ra 
is quasi-Gorenstein. Then there is an integer Iq such that [Kr a ]i = k. By 
Proposition 4.1.4 we may find an element / € [K elo ] do = [Kr]^^, f / 0, 
K Ra = R A f- 
CLAIM: K elo = Af. 

To prove the claim we first show that for any g £ K e i , j / 0, then g 
has degree > cIq. Assume the contrary: deg g = k < cl$. Then LAg]^ = 
A do _ k g C [K e i ] do ^ k. But since cl - k > 0, dim fc A do _ k > 1, so we get a 
contradiction. 

Now let g € i^ e « - If degg = do, then # G A/ because [K do ] do = kf. Let us 
assume that deg g = k > cIq. Then, for each / > 0, [I el ] d f + [I el ]c{k)+i)-k9 C 
[-^(lo+oklo+Q - [ /e/ ]c/ as fc-vector spaces, and so [I el ] c{ i Q+l) _ k g C [I el ]df. 
Now let I e/ = (Fi, . . . , Ft) where F{ is a homogeneous polynomial of degree 
< del for all i, and set a = c(Iq + I) — k — deg-Fj. Note that for I >> 0, 
a > c(Zo + — & — del = (c — tie)/ + c/o — A; > and we can find h £ A a such 
that (h,f) = 1. Then /w/F G [/ ei ] c(Zo+0 _ fc5 C [/ e/ ] d / C Af and we have that 
gF{ 6 A/ for all f. Thus I e 'g C (/) and writing g = dg, f = df with (f,g) = 1 
we get I el g C A/. If g A/, then f ^ k and so I ei C (/) which is absurd 
because ht (I) > 2. 
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Now, as grade(I) > 2 we have K m = K e i for all m < elo, which implies 
that Ka = K e i and so c < do = n. Furthermore, e < elo < min{m | K m £ 
K m -i} - 1 = a - 1. 

Finally assume that d\m(A/I) > 0. We shall distinguish two cases. If e = 1 
we have that K k)+1 £ K lo : If not, then I c = [-fQ +i] c (j 0+ i) = [Af] c{la+1) = A c 
which is absurd if dim(A/I) > 0. Therefore a = Iq + 1 = ^ + 1. If e > 1, 
let A = (c, 1) and R = Ra(I c ). Note that R^ = Ra is quasi-Gorenstein. 
Applying the case before we obtain that — a(GA(I e )) = § + 1- By [HRZ, 
Proposition 2.6], a(G A (I e )) = [=?] = -\%\ and so ff 1 - 1 = f = l G Z. □ 

Our next result shows that in some cases the existence of a diagonal (c, e) 
such that k[(I e ) c ] is quasi-Gorenstein forces the form ring to be Gorenstein. 
It may be seen as a converse of Theorem 4.1.9 for those cases. 

Theorem 4.2.3 Assume that Ra{I) is Cohen- Macaulay, ht (I) > 2, 1(1) < n 
and I is equigenerated. If there exists a diagonal (c, e) such that k[(I e ) c ] is 
quasi-Gorenstein then Ga{I) is Gorenstein. 

Proof. Let A = (c, e). Assume first that e = 1. We have seen in the proof 
of Proposition 4.2.2 that there exists a homogeneous filtration {K m } m >o of 
K A such that K R ^ m >i K m and K G ^ m >i K m - 1 /K m , and an in- 
teger Iq = — a(i?A) such that Kq = . . . = K~i = Af, with / 6 Kr and 
deg / = cIq. It is then clear that for all m > 0, I m f C Ki 0+m and so 
[I m ]cmf C [Ki 0+m ] c (i 0+m ) = [I m ]cm since R A is quasi-Gorenstein. This im- 
plies that [K k)+m ] c{lQ+m) = [I m ] cm f- 

We want to show that Ki 0+m = I m f for all m > 0. Suppose that there 
exists mo such that I m ° f £ Ki 0+mo . Then let g 6 Ki 0+mo , g I m " f be a 
homogeneous element of degree k. Note that from the inclusion Ki 0+mo C 
Ki = Af we also have g = fg with g I m ° . 

If k > c(lo + mo) then for any m > m we have I m f + I rn ~ m »g c Ki 0+m 
and so [I m ] cm / + [/ m - mo ] c(io+m )_ fc 5 C [^ 0+m ] c( / 0+m) = [/ m ] cm . Hence 
[^ m " mo ]c( Zo+m )-fe5 C [I m ] cm / and we get that [I m ~ m °] c{ i a+m )- k g C [/ m ] cm . 
Let A = c(Zo +m) — A; — d(m — mo) = (c — d)m + cIq +dmo — k. For m»0we 
have that A > 0. Then, if A x g C I m ° we would have that g G (7 m °)*, the sat- 
uration of I m " . Since Ga(I) is Cohen-Macaulay, we have that the inequality 
of Burch becomes an equality by [EH, Proposition 3.3], that is, 

inf {depth(i4/-P')} = dim A - 1(1). 
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Since 1(1) < n, we then get depths//™ > 0, and so (I mo )* = I m °. Hence 
g £ I m <-\ which is a contradiction. We may conclude that there exist A > 

0, h e A x such that gh I m ° . On the other hand, gh[I m - m °] d{m _ mo) C 
g[I™- m °] c(lo+m) _ k c [I m \ crn . Since I is equigenerated we get ghl m -' m ° C I m . 
Therefore, gh £ (I m : I m - m °) = I m ° because R is Cohen-Macaulay. This is a 
contradiction. 

If k < c(Iq + mo), let us write k = c(Iq + mo) — s with s > 0. Then 
A s g C [Ki 0+mo ] c{lo+mo) = [I m °] cm J, and g € (/ m °)* = / m ° which, as before, 
is a contradiction. 

Hence we have proved that Ki 0+m = I m f for all m > 0, so 

K R = f(At • • • © At h> © It lo+1 ©•••), 

1. e. Kr has the expected form. By [TVZ, Theorem 4.2] this implies that both 
Ra{I 1 °) and Ga(I) are Gorenstein. 

Finally assume e > 1, and denote by A = (c, 1) and R = Ra(I c )- Then 
R-^ = i?A is quasi-Gorenstein and so there exists Iq such that RA(I el>> ) is 
Gorenstein. By [TVZ, Theorem 4.2] this implies again that Ga{I) is Goren- 
stein. □ 

Example 4.2.4 (Room surfaces) Let k be an algebraically closed field. Set 
t = C^ 1 ); wrtn d > 2. Let Pi, . . . , P t be a set of t distinct points in f\ which 
do not lie on a curve of degree d — 1. We assume further that there is not 
a subset of d points on a line if d > 3. We are going to study the rational 
projective surfaces which arise as embeddings of blowing-ups of f \ at this set 
of points via the linear system I,i+i ■ 

Let / be the ideal defining the set of points {Pi, . . . , Pt}. Since the points 
are not on a curve of degree d — 1, we have that / is generated by forms in 
degree d [GG], and so for any c > d + 1 the linear system I c gives a projective 
embedding of the blow-up. For c = d + 1 the surface obtained is called Room 
surface. 

Assume d > 3. Since there are not d points on a line, we also have that the 
rational map defined by the linear system I& give an embedding of the blow-up 
in the projective space Wf (see [GG]), and the resulting surface is called White 
surface. A. Gimigliano proved that White surfaces have the defining ideal given 
by the 3x3 minors of a 3 x d matrix of linear forms, and it has a linear minimal 
graded free resolution which comes from the Eagon-Northcott complex [Gi, 
Proposition 1.1]. By applying Theorem 1.3.4, we obtain a^f/J) = —1 and 
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so by Lemma 2.3.7 the reduction number of I is r(I) = a(k[Id]) + 1(1) = 
— 1 + 3 = 2. Moreover, the analytic deviation of I is ad(7) = 1(1) — ht (I) = 1 
and I is generically a complete intersection ideal. So according to [GN] we 
may conclude that Ga(I) is Cohen-Macaulay and hence ci 2 (Ga(I)) = r(I) — 
ht (I) — 1 = —1 by [GH, Proposition 2.4]. Therefore, Ra(I) is also Cohen- 
Macaulay by using Ikeda-Trung's criterion. From Proposition 4.2.2 we get 
that there are not diagonals (c, e) such that k[(l e ) c ] is Gorenstein, that is, 
there are not Gorenstein embeddings for the blow-up. In particular, fef/^+i] is 
not Gorenstein for d > 3. 

If d = 2, by choosing the points to be [1:0:0], [0:1:0] and [0:0:1], we have 
/ = (X 1 X 2 ,X 1 X 3 ,X 2 X 3 ). Notice that / has fi(I) = 3 = ht / + 1 and A/ 1 
is Cohen-Macaulay. Moreover, fJ,(I p ) < ht (p) for any prime ideal p D I. 
Then G A (I) is Gorenstein with and a 2 (G A (I)) = -ht (7) = -2 by [HRZ] . 
Now, according to Theorem 4.1.9, k[(I e ) c ] is quasi-Gorenstein if and only 
if - = - G Z. Hence (3, 1) is the only diagonal with the quasi-Gorenstein 
property. This embedding corresponds to the del Pezzo sestic surface in P 6 . 

With more generality, we may consider the blow-up of P 2 , at a set of t 
arbitrary distinct points. 

Example 4.2.5 Let k be an algebraically closed field. Let P\,...,P t be a 
set of t distinct points in P|, and let I = V\ fl ... PI "P t , where Vi C A = 
k[Xi, X 2 , X 3 ] is the defining ideal of Pj. Now we consider the surfaces which 
arise as embeddings of the blow-up of P 2 , at these points via the linear systems 
(I e ) c - We want to study the Gorenstein property of the rings k[(I e ) c ]. 

Set d = reg(i). We will assume that P±,. . . ,Pt do not lie on a curve of 
degree d — 1 and that there is not a subset of d points on a line. Then, I is 
generated by forms in degree d and Id defines a projective embedding of the 
blow-up [GG, Theorem A]. 

On the other hand, observe that Ra p (I v ) is Cohen-Macaulay for all p € 
Proj (A). Let £ = Jo x , M = 7r*O p2 (l), where tt : X — > P 2 k is the blow-up of 
P| along J. Then we have that K>n*C e = for all e > 0, j > and vr*/: 6 = I e 
for all e > by Corollary 3.1.4. Therefore, for any s > 0, £ s (g> M sd ) = 
r(P 2 , 7 s (sd)) = (I s )* sd and iT'pf, £ s ®A4 sd ) = 7P(P 2 , I s (sd)) = ^ +1 (/ s ) S(i for 
i > 1. By [GGP, Theorem 1.1 and Corollary 1.4], we have a*(7 s ) < reg(-P) < 
sd and (7 s )* d = (I s ) sd . Then, by Remark 3.1.1 we get H l m (k[I d ]) s = for 
all s > 0. Furthermore, recall that the fiber cone F of I coincides with 
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k[Id] because I is generated in degree d, so we have a*(F) < — 1, and then 
r(l) < maxj<3{aj(-F) +1} < 2 by Lemma 2.3.7 . The analytic deviation of / is 
ad(/) = 1(1) — ht (I) = 1 and / is generically a complete intersection ideal, so 
we may conclude by [GN] that Ga{I) is Cohen-Macaulay and hence by [GH, 
Proposition 2.4] 

a 2 (G A (I)) < r(I) -ht(J) - 1 < -1. 

So Ra{I) is also Cohen-Macaulay by Ikeda-Trung's criterion. 

If r(I) = 2 then a 2 (G A {I)) = -1 by [GH, Proposition 2.4]. Then, accord- 
ing to Proposition 4.2.2, there are not quasi- Gorenstein diagonals k[(I e ) c ]. 

Otherwise, r(l) < 1. By [GN, Theorem 1.3], the case r(l) = 1 is not 
possible, so r(I) = and then Ga(I) is Gorenstein. Furthermore, (i 2 (Ga{I)) = 
-ht (I) = -2 by [GH, Proposition 2.4]. Therefore, by Theorem 4.1.9, k[{l e ) c ] 
is quasi-Gorenstein if and only if | = ^ € Z. So k[ls] is the only quasi- 
Gorenstein diagonal. 

Remark 4.2.6 All throughout this chapter we have treated the case where 
A = k[X±, . . . , X n ] is the polynomial ring and / is a homogeneous ideal in A 
satisfying r < n or the assumptions in Remark 4.1.5. This set up was used 
to study the relationship between the canonical module of the Rees algebra 
R and the canonical modules of its diagonals . Now let A be an arbitrary 
standard /c-algebra and let / be a homogeneous ideal in A generated by r forms 
in degree < d. Set n = dim A For any c > de + 1, from the Mayer- Vietoris 
sequence (see Proposition 2.1.3) we have a graded monomorphism 

y, : (K R ) A - K Ra 

such that 

(i) If 1(1) < n or r < n or / equigenerated, then ip s is an isomorphism for 
any s > 0. 

(ii) Assume 1(1) < n or a^i?) < 0. If ht (I) > 2, H%(A) = 0, a(A) < c, 
then ^ s is an isomorphism for any s < 0. 

(iii) Assume that R is Cohen-Macaulay. Then 

r Hl(A) Q = 
^ isomorphism <^=^ < H™(l es ) cs = for s > 

I fl£l a (#)(„,„) =0 forsGZ 
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In the cases where ip is an isomorphism, some of the results of the chap- 
ter can be extended. For instance, if R is Cohen-Macaulay and G is quasi- 
Gorenstein, for any c, e such that if) is an isomorphism and ^ = £ Z the 
ring k[(I e ) c ] is quasi-Gorenstein. 
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Chapter 5 

The a-invariants of the 
powers of an ideal 

Our aim in this chapter is to study in more detail the bigraded a-invariant 
and the bigraded regularity of any finitely generated bigraded 5-module L, 
for S = k[Xi, . . . , X n , Yi,...,Y r ] the polynomial ring with deg(Xi) = (1,0), 
deg(y j ) = (0,l). 

In Section 5.1 we will give a new description of the a*-invariant a*(L) 
of L and the regularity reg(L) of L by means of the a*-invariants and the 
regularities of the graded Si-modules L e and the graded ^-modules L e . 

This result is used in Section 5.2 to study the behaviour of the a*-invariant 
of the powers of a homogeneous ideal in the polynomial ring. In particular, 
we will bound it for several families of ideals such as equimultiple ideals and 
strongly Cohen-Macaulay ideals. Those results will be then applied to deter- 
mine Cohen-Macaulay diagonals of their Rees algebras. 

The last section is devoted to study the regularity of homogeneous ideals I 
in the polynomial ring S. First, we will provide a bigraded version of the well- 
known Bayer-Stillman's Theorem characterizing the regularity of / in terms of 
generic forms. After that, similarly to the graded case, we define the bigraded 
generic initial ideal gin / of / and we establish its basic properties. In the 
graded case, a classical result due to D. Bayer and M. Stillman states the 
existence of an order such that for any homogeneous ideal / it holds reg/ = 
reg (gin /) . We will show that the analogous bigraded statement is not true. 
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We finish the chapter by explaining how these results can be used to study 
the Koszulness of the diagonals k[(I e ) c ]. 

5.1 The a- invariant of a standard bigraded algebra 

Let S = k[X\, . . . , X n , Y±, . . . , Y r ] be the polynomial ring over a field k in 
n + r variables with deg(Xj) = (1,0), deg(Yj) = (0, 1), and let us distinguish 
two bigraded subalgebras: Si = k[Xi, . . . ,X n ], S2 = k[Yi, . . . ,Y r ], with ho- 
mogeneous maximal ideals mi = (Xi, ...,X n ), rri2 = (Yi, • • • ,Y r ) respectively. 
Given e G Z and a bigraded S'-module L, recall that we may define the graded 
Si-module L e = 0j ez -£(i, e ) an d the graded ^-module L e = jez L( ej ). 

The first result shows how to compute the bigraded a*-invariant of any 
finitely generated bigraded 5-module L by means of the a*-invariants of the 
graded Si-modules L e and the graded ^-modules L e . Namely, 

Theorem 5.1.1 Let L be a finitely generated bigraded S-module. Then : 

(i) a\(L) = max e {a*(L e )} = max e {a*(-L e ) | e < a*(L) + r}. 

(ii) a1{L) = max e {a*(L e )} = max e {a*(L e ) | e < a\(L) + n}. 

Proof. Let us consider 

0->D t ->...->D 1 ->D o ->L->0 

the minimal bigraded free resolution of L over S, where D p = 0( a; b)en p S( a i 
We have a\(L) = max{ —a | (a, b) G ^l} — n by Theorem 1.3.4. 

Let us denote by = (Pi, ...,(3 r ) G N r and | j3 \= (5 X + • • • + (3 r . By 
applying the functor ( ) e to the resolution note that 

S(a, b) e = ® iez S(a, b) {i>e) = iez S {a+itb+e) 

= 0igz ®\/3\=b+e[Sl\a+iYi 1 ■ ■ ■ Y/ r 

= Si{a)Plb 

for certain p e ab G Z (p e ab = if b + e < 0). In this way, we have obtained a 
graded free resolution of L e over Si 

-> D e t -> . . . -> Df^ D e ^ L e -> , 
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with D^ = 0( aj b) g n p S\(a) p ab. The minimal graded free resolution of L e may 
be obtained by picking out some terms [Eis, Exercise 20.1]. Therefore, 

a*(L e ) < max{— a | (a, b) G Ql} — n = a\(L). 

Now let a = max{— a \ (a,b) £ ^l}- Let p be the first place in the 
resolution of L with a shift of the form (—a, b), and let f3 be one of these — b's. 
We are done if we prove that —a is a shift which appears in the place p of the 
minimal graded free resolution of L 13 . Note that it is enough to show that 

TDr£(S/miS,L) (Q)/3) = Tor '^(k,L% + 0. 

Let us consider 

^p+i — ► — ► ^p-i 

the differential maps appearing in the resolution of L. Tensorazing by S/miS, 
we have the sequence 

Dp+i/miDp+i Dp/miDp -A D p _i/miD p _i . 

Now let us take v 6 -D p one of the elements of the homogeneous basis of D p 
as free 5-module with deg(-u) = (a, (3). li wi, . . . ,w s is the homogeneous basis 
of -Dp-i, we can write 

s 

3=1 

with Xj e M homogeneous. Set deg(wj) = (a.j,/3j). By taking into account 
the way we have choosen a and p, we have a > ctj for any j. Therefore the 
first component of the degree of Xj is positive, so Xj € miS. We conclude 
ip p (v) = 0, that is, v £ Ker Furthermore, notice that t> Im^p+i because 
Im ip p+ i C A4(Dp/miD p ). So u G Tor^ (S/miS, L)^ a ^, v ^ 0. By symmetry, 
we get (m). □ 

Next we are going to consider the bigraded regularity of a finitely generated 
bigraded S- module L. Assume that 

D t -► . . . -► D x -► .Do -► L 0, 

with Dp = ©( a S(a,b), is the minimal bigraded free resolution of L over 
S 1 . The bigraded regularity of L is defined by reg(L) = (regiL,reg2-k), where 

reg \L = max {—a — p : (a, b) £ £l p } 
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reg2-^ = max { — b — p : (a, 6) G 

Let ^4 = . . . , X n ] be the polynomial ring with the usual grading. For 

any finitely generated graded A- module L, it is well known that 

reg(-L) = max{i p (L) - p} = max {a p {L) +p}. 

p>0 p>0 

This equality does not hold in the bigraded case. For instance, let us consider 
/i) • • • j fr £ A a regular sequence of forms in degree d, and / = (/i, . . . , f r ). Let 
5 = k[Xi, . . . , X n , Y±, . . . , Y r ] be the polynomial bigraded by setting deg(Xi) = 
(1,0), deg(lj) = (d, 1), and let i? be the Rees algebra of /. Since R is Cohen- 
Macaulay, we immediately get a^ +1 (R) = — 1, af(R) = for % ^ n + 1. 
Furthermore, the Eagon-Northcott complex gives the bigraded minimal free 
resolution of R over S: 

-► £> r -i .Do = <S->-R->0, 

with D p = ® p m=1 S{-{p + l)d, -m)^+i) for p > 1. Therefore, 

max{^(i?) - p} = 

p>0 

max{ a^(L) + »} = n, 
p>0 J 

which are different. 

The following result shows that the regularity of L can also be described 
by means of the regularity of the graded Si-modules L e and the graded S2- 
modules L e . Namely, 

Theorem 5.1.2 Let L be a finitely generated bigraded S-module. Then : 

(i) regi(L) = max e {reg (L e )} = max e {reg(L e ) | e < al(L) +r}. 

(ii) reg 2 (£) = max e {reg(L e )} = max e {reg (L e ) | e < a\(L) +n}. 

Proof. The proof follows the same lines as Theorem 5.1.1. By applying the 
functor ( ) e to the minimal bigraded free resolution of L over S, we obtain a 
graded free resolution of L e over Si 

->■ D e t ->■ . . . ->■ £>?-»• L e ->■ , 
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with = (B( a> b)en p S\(a) p ab. Since the minimal graded free resolution of L e 
is then obtained by picking out some terms, we have 

reg(L e ) < max{— a — p \ (a,b) G ft p } = regiL. 

Hence max e {reg (L e )} < regiL. To prove the equality, let us take (a, b) G J7 p 
such that reg \L = —a — p, and set a = —a, (5 = —b. We are done if we prove 
a G £l pL 0, that is, a is a shift which appears in the place p of the minimal 
graded free resolution of L 13 . So we want to show that 

Toi s p (S/ mi S,L) (a ^ = Toi^(k,L% + 0. 

Let us consider 

n Vv+ 1 n n 
u p+i — > u v — U p-l 

the differential maps appearing in the resolution of L. Tensorazing by S/miS, 
we have the sequence 

Dp+i/miDp+i ^> Dp/mxDp ^ Z? p _i/miD p _i. 

Now let v G Dp be an element of the homogeneous basis of D p as free S'-module 
with deg(v) = (a, (5). If wi, . . . , w s is the homogeneous basis of we can 

write 

s 

3=1 

with Xj £ M homogeneous. Set deg(wj) = (ctj,(3j). Since a — p > atj — (p— 1) 
for any j, we have that a > otj, and so the first component of the degree of 
Xj is positive. Therefore Xj G m\S, and we can conclude ip p (v) = 0, that is, 
v G Ker ^/y It is clear that v lmij) p+1 because Im V'p+i C M.(D p /xn\D p ). 
So u G Tor p '(5/miS', L)( Q ( g), v ^ 0. We get (m) by symmetry. □ 



5.2 The a- invariants of the powers of an ideal 

Let A = k[X±, . . . ,X n ] be the usual polynomial ring over a field k, and let 
I be a homogeneous ideal in A. Recently, the question of how the regularity 
changes with the powers of / has been studied by many authors. I. Swanson 
in [Swa] proved that there exists an integer B such that reg (I e ) < Be for all 
e. The problem is then to make B explicit. 
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For ideals such that dim(A/J) = 1, A. Geramita, A. Gimigliano and Y. 
Pitteloud [GGP] and K. Chandler [Cha] had shown that reg(/ e ) < reg (I) e; 
and this bound also holds for Borel-fixed monomial ideals by using the Eliahou- 
Kervaire resolution [EK]. 

Another kind of bound is given by R. Sjogren [Sjo]: If / is an ideal generated 
by forms in degree < d with dim(A/I) < 1, then reg (I e ) < (n — l)de. Also A. 
Bertram, L. Ein and R. Lazarsfeld [BEL] gave a bound for the regularity of the 
powers of an ideal in terms of the degrees of its generators. More explicitly, if 
/ is the ideal of a smooth complex subvariety X in P^ 1 of codimension c and 
/ is generated by forms in degrees d\ > d 2 > • • • > d r , then 

H' l {¥l' l ,T{k)) = 0, Vt > 1, VA; > ed x + d 2 + . . . + d c - (n - 1). 

This result has been improved by A. Bertram [Ber] for some determinantal 
varieties. 

Recently, work by S.D. Cutkosky, J. Herzog and N.V. Trung [CHT], V. 
Kodiyalam [Ko2] and O. Lavila-Vidal (see Theorem 3.4.6) provides by differ- 
ent methods bounds for arbitrary graded ideals by means of the degrees of 
the generators similar to the ones given in [Sjo] and [BEL]. Namely, if I is a 
graded ideal generated by forms in degree < d, then there exists (3 such that 

reg(/ e ) <de + (3, Ve. 

We are also interested in the behaviour of the a*-invariant of the powers 
of /, which can be used to apply the criteria seen in Chapter 3 for the Cohen- 
Macaulayness of the diagonals. We have already proved in Theorem 3.4.6 the 
existence of an integer a such that a*(7 e ) < de + a for all e. Our first purpose 
will be to find for any graded ideal an explicit a. Furthermore, for equigener- 
ated ideals we will compute the best a we can take in terms of an appropiate 
a- invariant of the Rees algebra. After that, these results will be applied to 
give bounds for the a*-invariant of the powers of several families of ideals such 
as equimultiple ideals and strongly Cohen-Macaulay ideals. Finally, we will 
use those bounds to study the Cohen-Macaulay property of the diagonals of 
the Rees algebra. 

Let A; be a field, A a standard noetherian graded /c-algebra, n = dim A 
Then A has a presentation A = k[X±, . . . , X n ]/K = k[x±, . . . , x n ], where K is 
a homogeneous ideal and each Xi has degree 1. Let / be a homogeneous ideal 
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in A generated by forms of degree < d. From Theorem 3.4.6, there exists a 
such that 

a*(I e ) <de + a, Ve. 

Now let us assume that / is generated by forms in degree d. By defining 
^(p^q) = ip ~ dq,q), we have that Rf is a standard bigraded /c-algebra with 
[-R ¥ '](p, ? ) = R( P +dq,q)- The next result precises the best a we can take. 

Theorem 5.2.1 Let I be a homogeneous ideal of A generated by forms in 
degree d. Set I = 1(1). Then 

(i) al(BP) = max e { a*(I e ) - de} = max{ a*(I e ) - de \ e < al(R) + I}. 

(ii) regi(i? ¥ ') = max e {reg(/ e ) — de} = max{reg(/ e ) — de \ e < a%(R) + I}. 

Proof. We may assume that k is infinite (tensorazing by k(T)). Then 
there exists a minimal reduction J oi I generated by I forms in degree d. 
By considering the polynomial ring S = k[X\, . . . , X n , Y\, . . . ,Yi], we have a 
natural epimorhism S — > Ra(J)- Then Ra{J) is a finitely generated bigraded 
S- module, and so R = Ra(I) because it is a finitely generated i?A(«/)-module. 
Note that S v is standard and R v is a finitely generated bigraded S^-module, 
so according to Theorem 5.1.1 

a\(RP) = max{a*([i^] e )} = max{a,([i?^] e ) | e < a^) + /}. 

First, observe that a^R?) = al(R) by Lemma 1.2.3. Mor eover, for each e > 
we have [R^} e = ®i(I e )i+de = I e {de), so a*((/ e )^) = a*(/ e ) - de. The proof 
of (ii) follows the same lines. □ 

Remark 5.2.2 Let / be a homogeneous ideal in A generated by forms in 
degree d. By repeating the previous arguments for the form ring, we also get 

(i) a\{GP) = max e {a,(/ e // e+1 ) - de] 

= max e { a*(/ e // e+1 ) - de \ e < a*(G) + I}. 

(ii) regi(G^) = max e { reg (I e /I e+1 ) - de} 

= max e { reg (I e /I e+1 ) - de | e < a&G) + I}. 

Example 5.2.3 Let I C A = k[X\, X2, X%, X4] be the defining ideal of the 
twisted cubic in P|, that is, 

I = (X1X4 — X2X%,X% — X1X3, X| — X2X4). 



a-INVARIANTS OF THE POWERS OF AN IDEAL 



94 



It is well known that / is the ideal of the Veronese embedding of V\ in P| : 

Pi P| 
(u : v) i — ► (u 3 : u 2 v : uv 2 : v 3 ) . 

I is licci because it is linked to J = (X±,X2) by the regular sequence a = 
X 2 — X\X^,X 2 — X 2 X^ [Ul, Example 2.3], so / is a strongly Cohen-Macaulay 
ideal [Hul, Theorem 1.14]. Since J is a prime ideal, we easily get n(I p ) < ht (p) 
for any prime ideal p ^ I. Therefore Ra(I) is Cohen-Macaulay by [HSV1, 
Theorem 2.6], so in particular c%{Ra{I)) = —1. On the other hand, I is an 
ideal generated by forms of degree 2 with 1(1) = //(J) = 3. By using CoCoa 
[CNR], we have that the minimal graded free resolutions of I and I 2 are: 

-► A(-3) 2 -► A{-2f ->/->(), 

A(-6) -»• ^(-5) 6 ,4(-4) 6 / 2 , 

so according to Theorem 1.3.4 we have a*(I) = —1, a*(/ 2 ) = 2. By Theorem 
5.2.1 we get 

a*(/ e ) < 2(e- 1), Ve. 
Furthermore, notice that since reg (I) = 2, reg (I 2 ) = 4 we also get 

reg(/ e ) < 2e, Ve. 

Therefore, we have that I e has a linear resolution for any e > 1. This has 
already been proved by A. Conca [Con] by different methods. 

Remark 5.2.4 Let S = k[X\, . . . , X n , Y\, . . . ,Y r ] be the polynomial ring bi- 
graded by setting deg(Xj) = (1,0), deg(Y^) = (dj, 1), with d\, . . . ,d r € Z>o, 
and u = J2j=i dj- For a finitely generated bigraded S 1 - module L, let us consider 
the minimal bigraded free resolution of L over S 

D t . . . £>! r> L 0, 

where D p = ®( aj 6) e n p ^(c 1 ) By applying the functor ( ) e , note that 

S(a,6) e = Si(a-diA-.-.-drA-), 

|£|=6+e 

where /3 = (/?i, . . . , /3 r ) G N r and \ (3 \= (3± + ■ ■ ■ + (3 r . So we get a graded free 
resolution of L e over S\ 

D\ -> . . . -> Df^ D e ^ L e -> , 
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with D e p = (B( a ,b)en P 0|£j| =6 + e Si (a - dxfa - ... - d r (3 r ). The minimal graded 
free resolution is then obtained by picking out some terms. Therefore, for any 
i < n we have that 

<ii{L e ) < max{cZi/3i + . . . + <i r /? r — a | (a, 6) € ^ n -i> | /? |= 6 + e} — n 

< cfe — n + max{(i6 — a | (a, 6) € Q n -i}. 

Therefore, a*(L e ) < de — n + max{d6 — a | (a, 6) £ Ql} < d(e — indeg 2 £) + 
a^;(L) + n. In particular, for any homogeneous ideal / of A we have 

a*(7 e ) < de + ai(i?) + n. 

5.2.1 Explicit bounds for some families of ideals 

The next purpose is to get explicit bounds for the a^-invariant of the powers of 
an ideal, and we will focus our attention to the case of ideals in the polynomial 
ring. Throughout the rest of this section, A = k[Xi, . . . ,X n ] will denote the 
usual polynomial ring in n variables over a field k and I will be a homogeneous 
ideal in A. First of all, for equigenerated ideals whose Rees algebra is Cohen- 
Macaulay we have 

Proposition 5.2.5 Let I be a homogeneous ideal generated by forms in degree 
d whose Rees algebra is Cohen-Macaulay. Set I = 1(1). Then 

-n + d(-a 2 (G) - 1) < max{a*(/ 6 ) - de} <-n + d(l - 1). 

e>0 

Proof. As in the proof of Theorem 5.2.1, we may assume that k is infinite. 
By considering then the polynomial ring S = k[X\, . . . , X n , Y\, . . . , Y{\, we 
have that Ra(I) is a finitely generated bigraded S- module in a natural way. 
Then let 

o-»A-»---->-Di->A)->fl->o 

be the minimal bigraded free resolution of the Rees algebra R over S, with 
D p = ® {a , h)e n P S(a,b). The shifts (a, b) G Sl R , (a,b) + (0,0), satisfy b < -1 
and —a<dl + n + o}(R) < dl by Lemma 3.4.7. Therefore, we have a*(/ e ) < 
de + d(l — \) — n by Remark 5.2.4. 

Let R++ = 0(j,j)j>o F rom t ne bigraded exact sequences 

-► R ++ R A , 
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0->i2++(0,l) ->■ R^G^O, 
we get the following exact sequences of local cohomology 

- K(A) {itj) - - H n +\R) {i ^ (*), 

-> H'^G)^) -> -> H]^ 1 (R)^ j ) -> (**). 

Since a 2 (i?) = —1, from the above exact sequences we have a 2 (G) < — 1. 
If a 2 (G) = —1, the lower bound is obvious by considering e = 0. So we 
may assume a 2 (G) < —1, and by Theorem 5.2.1 we must prove ^(R?) > 
—n — d(a 2 (G) + 1). The local cohomology modules behave well under a change 
of grading by Lemma 1.2.3, hence we have 

H'^ 1 {R p ) {pA) = H r $ l (Ry {pA) = Hj\ l (R) {p+dq>q)j 

so a\R?) = max{p | 3 q s.t. H n ^ l (R) {p+dqA) + 0}. Since H^(A\_ nfi) + 
we have H^ 1 (R ++ )r_ n ^ ^ from the exact sequence (*). As a 2 (G) < — 1, 
from the second exact sequence (**) we get H^ 1 (R) / n _^ ^ 0, and by using 
once more (*) we have H^ 1 (R ++ )/ n _u / 0. Note that we can repeat 
this procedure while the second component of the degree be greater than 
a 2 (G), and finally we get H^ 1 (R)t na 2<Q\+i) / 0. In particular, a 1 (i? ip ) > 
-n-d{a 2 {G) + 1). □ 

Remark 5.2.6 Let / be an ideal generated by forms of degree d in a general 
standard graded noetherian fc-algebra A. By setting I = 1(1), one can similarly 
prove that if the Rees algebra is Cohen-Macaulay then 

a(A) + d(-a 2 (G) - 1) < max{a*(/ e ) - de) < a{A) + dl. 

For non-equigenerated ideals, we can also give an upper bound. A similar 
result for the regularity was already proved in [CHT, Corollary 2.6]. 

Remark 5.2.7 Let / be a homogeneous ideal generated by forms fi,...,f r 
in degrees d\ < . . . < d r = d whose Rees algebra is Cohen-Macaulay. Set 
u = ELi <k- Then a*(/ e ) < d(e - 1) + u - n. 

Proof. By considering the bigraded minimal free resolution of R over S = 
k[X\, . . . , X n , Yi, . . . , Y r ], we have that any shift (a, b) £ £l p with p > 1 satisfies 
b < — 1 and —a < u by Lemma 3.4.10 and fio only contains the shift (0,0). 
Therefore, a*(/ e ) < d(e — 1) + u — n by Remark 5.2.4. □ 



a-INVARIANTS OF THE POWERS OF AN IDEAL 



97 



The a*-invariant of the powers of an ideal can be computed for complete 
intersection ideals (see the proof of Proposition 3.4.5), and then we have that 
the inequalities in Proposition 5.2.5 and Remark 5.2.7 are sharp. Next we are 
going to compute explicitly max e >o{a*(/ 6 ) — de} = a l {R v ) for several families 
of ideals. First we consider the case of equimultiple ideals. 

Proposition 5.2.8 Let I be an equimultiple ideal generated in degree d. Set 
h = ht (/) > 1. If the Rees algebra is Cohen- Macaulay, 

(i) a{P/I e+l ) =de + a{A/I). In particular, a 1 ^) = a{A/I). 

(ii) a n - h+ i(I e ) = d[e - 1) + a(A/I). In particular, a l {R p ) = a(A/I) - d. 

Proof. We may assume that k is infinite. Then there exist fi, . . . , f n -h £ 
A of degree 1 such that fi,---,f n -h £ A/I is a homogeneous system of 
parameters. Denoting by /* the initial form of / G A in G, let us consider 

G = G/Uh • • • > fn-h)- Since rad ((/* . ■ • • . fn-h)G) = rad (raG), we have that 
a system of parameters of F m (I) is also a system of parameters of G. As 
F m (I) is a bigraded fc-algebra generated by forms in degree (d, 1), there exist 
F± , . . . , Ffi £ / of degree d such that F±, . . . , F^ is a system of parameters of 
F m (I). Then /*,..., f*_ h , F*, . . . , Fj* is a homogeneous system of parameters 
of G, and so algebraically independent over k. Therefore, there is a finite 
extension 

T = k[U 1 ,...,U h ,V 1 ,...,V n - h ] -G, 

where T is a polynomial ring with deg(L^) = (d, 1) , deg(V^) = (1,0) for 
i = 1, . . . , h, j = 1, . . . , n — h. Since G is Cohen-Macaulay and T is regular, we 
have that G is a free T-module, that is, G = 0/ a T(a, b), where A C Z 2 is 
a finite set. Let us denote by T\ = k[Vi, . . . , V n -h], m = (V±, . . . , V n -h), and 
for a given p = (fc, . . . , (3 h ) £ N h , let | f3 |= fa H h /3 h . Note that 

T(a, b) e = 0^ T(a, 6) (i>e ) = © f T (a+ijf)+e) 

= 0i0t j 0|=6+ e [ r i]a+i-d(6+e)^ r f 1 ■ ■ ■ ^ 

= Ti(a-d6-de)^, 
with pi £ N and = if 6 + e < 0. Therefore, 

je/je+l = G e = Tl (a - db - de) p b , 
(a,b)eA 
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and by taking local cohomology 

H n- h{ie/I e + l )= Q H n-h {Tiia _ db _ de)rt _ 

{a,b)eA 

Hence a,(/ e // e+1 ) = a(P/I e+l ) = max{-(n - h) - a + db + de : -b < e}. 
In particular, a(A/I) = max{— (n — h) — a + db : b = 0}, and so we get 
a(I e /I e+1 ) > de + a(A/I) for all e. On the other hand, since the mod- 
ules I e /I e+1 are ^//-modules of maximal dimension, we have an epimorhism 
A/I(-de) -► r/I e+1 and we may deduce that a(I e /I e+1 ) < de + a(A/I) 
for all e. To get (ii), it is just enough to consider the short exact sequences 

o -► r +1 ->■ r ->■ /7/ e+1 o , 

and then the result follows from (i) by induction on e. □ 

Next we study equigenerated ideals whose form ring is Gorenstein. In this 
case, we prove that the lower bound given in Proposition 5.2.5 is sharp. 

Proposition 5.2.9 Let I be a homogeneous ideal equigenerated in degree d 
whose form ring is Gorenstein. Set I = 1(1). Then 

(i) max e >o{a*(7 e ) — de} = d(—o?(G) — 1) — n. 

(ii) For e > a 2 (G) - a{F), depth(^// e ) = n-l and a*(/ e ) = a n „i{A/I e ) = 
d(e - a 2 (G) - 1) - n. 

Proof. We may assume that the field k is infinite. Since / is generated by 
forms in degree d, there exists a minimal reduction J of / generated by forms 
gi,...,gi of degree d. By considering S = k[X\, . . . , X n , Yi,...,Y{\ bigraded 
by setting deg (Xi) = (1, 0), deg (Yj) = (d, 1), we have a bigraded epimorphism 
S — ► Ra(J)- Suppose that / m + 1 = JL m . Then Ra(I) is finitely generated over 
Ra{J) by the generators of A, I, . . . , I m ; so in particular by homogeneous 
elements in degree (di, i) for i = 0, . . . , m. Then we have an epimorphism 
F — ► Ra(I), where F is a finite free S- module with a basis of elements in 
degrees (di, i) for i = 0, . . . , m. 

Let us consider the minimal bigraded free resolution of G over S 

D l . . . -► D 1 -► D -► G -► 0, 

where D p = 0( aj 5) G ^ p S(a, b). From Remark 5.2.4, for all e > we have 

a*(r/I e+1 ) <de- n + m&x{db- a \ (a,b) £ tt G }. 
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Assume we prove that the maximum is accomplished for a shift (a, 6) G f2j. 
Denoting by ( )* = Hom 5 ( , Kg), then 

—> Dq D* —> Ext l s (G,K s ) = K G ^0 

is the minimal bigraded free resolution of the canonical module Kq of G over 
S. Since G is Gorenstein, according to Corollary 4.1.7 there is a bigraded 
isomorphism 

K G ^G(-n,a 2 (G)). 

Now the shifts (a, b) G are of the type (di, i — a 2 (G)) for certain integers i, 
so we get a*(/ e // e+1 ) < de — n + maxj{d(i — a?(G)) — di} = d(e — a?{G)) — n. 
From Remark 5.2.5 we have a 1 (G v ) = max{a*(7 e /I e+1 ) — de} < —n — da 2 (G), 
and a 1 (-R </3 ) < —n — da 2 (G) — d. Observe that Proposition 5.2.5 gives the other 
inequality, so we obtain a 1 (i? v ) = d(—a 2 (G) — 1) — n. 

Now let us prove that the maximum for the differences db — a is taken for 
(a, b) G fij. Let us consider : Z 2 — ► Z defined by 4>(i,j) = i — dj. Note that 
Xi G 5^ has degree 1 and Yj- G has degree 0, and 

-> D? -> . . . -> D$ -> G^ -> 

is a graded free resolution of G^ over S^. Since S(a,b)^ = S^(a — db), it is 
clear that 

min{<i6 — a | (a, 6) G ^ p +i} > min{<ife — a | (a, 6) G 

Applying the same argument for the resolution of Kq, one gets that 

max{ii6 — a | (a, b) G f^p+i} > max{<i6 — a | (a, 6) € 

so (i) is already proved. 

To prove the rest of the statement, we will use that proj.dim j4 (/ e // e+1 ) = I 
if and only if e > a 2 (G) — a(F) (see Proposition 6.3.2). By applying the functor 
( ) e to the resolution of G over S we obtain a free resolution of I e /I e+1 as 
A-module, and the shifts appearing in the place p of these resolutions of the 
type a-db- de, with (a, b) G Q p . Therefore, t p (I e /I e+1 ) < de - da 2 (G) for 
any p, and for e > a 2 (G) — a(F) we have ti(I e /I e+1 ) = de — da 2 (G). Now, 
since proj.dim^/ 6 < I — 1 by Proposition 6.3.2, from the short exact sequences 

I e+1 J e -» / e // e+1 0, 
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we get £/_i(/ e ) > d(e - a 2 (G) - 1) for e > a 2 (G) - a(F). On the other hand, 
we have i/_i(/ e ) < t*(I e ) = a*(/ e ) + n < d(e — a 2 (G) — 1), so we get the 
equality. We finally obtain a n -i(A/I e ) = a n -i + \{I e ) = d(e — a?(G) — 1) — n 
for e > a 2 {G) - a{F) by Theorem 1.3.4. □ 

Example 5.2.10 Let X = (Xij) be a d x n generic matrix, with 1 < % < d, 
1 < j < n and d < n, and let A = k[X] be the polynomial ring in the entries 
of X. Let / = Id(X) be the ideal generated by the maximal minors of X. We 
are going to apply to this example the different bounds we have found. 

• The Rees algebra of / is Cohen-Macaulay, so by applying Remark 5.2.7 
we get 

a*(/ e ) < d(e-l)+ (^jd-nd. 

(a similar bound for the regularity of the powers has been given in [CHT, 
Example 2.7]). 

• Note that F m (I) = is the coordinate ring of the Grassmannian 
G(d,n), so we have that the analytic spread of / is 1(1) = d(n — d) + 1. 
Therefore by Proposition 5.2.5 we get the bound 

a*(I e ) < de + d 2 (n- d) - nd. 

• Since Ga(I) is Gorenstein with a 2 (G A {I)) = -ht (I) = -(n -d + l), by 
using Proposition 5.2.9 we get the better bound 

a*(/ 6 ) < d(e + n — d) — nd = de — d 2 . 

Furthermore, the a-invariant of F is —n by [BH2, Corollary 1.4]. So we 
also obtain a d 2(I e ) = de — d 2 for any e > d — 1. 

K. Akin et al. [ABW] have constructed resolutions for the powers of /, in 
particular showing that all the powers of / have linear resolutions. Note that 
this fact also allows to prove the last bound: According to Proposition 6.3.2 
and Theorem 1.3.4, for any e > a 2 (G) — a(F) we have a*(/ e ) = a n d-i+i(I e ) = 
ti-\{I e ) ~ nd= (de + l - 1) - nd = de - d 2 . 

We may also use Proposition 5.2.9 to study the a*-invariant of the powers of 
a strongly Cohen-Macaulay ideal. Let / be an ideal of A, and let / = /i, . . . , f r 
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be a system of generators of /. Recall that I is a strongly Cohen-Macaulay 
ideal if for any p > the Koszul homology H p (K(f)) is a Cohen-Macaulay 
^//-module. 

Corollary 5.2.11 Let I be a strongly Cohen-Macaulay ideal generated in de- 
gree d such that fJ,(I p ) < ht (p) for any prime ideal p 5 I- Let h = ht (I), 
1 = 1(1). Then 

(i) a*(I e ) <d(e + h-l)-n, Me. 

(ii) For e > I - h, depth(,4// e ) = n-l and a*(I e ) = a n _i(A/I e ) = d(e + 
h-l)-n. 

Proof. In this situation, Ga{I) is Gorenstein and / is an ideal of linear 
type by [HSV1, Theorem 2.6], so a(F m (I)) = —I. Furthermore, according to 
[HRZ, Proposition 2.5] we have o?(Ga(I)) = —h. Then the result follows from 
Proposition 5.2.9. □ 

Example 5.2.12 Let I C A = k[Xi, X 2 , X%, X 4 ] be the defining ideal of 
the twisted cubic in P|. From Example 5.2.3, recall that / is a strongly 
Cohen-Macaulay ideal generated in degree 2 with ht(I) = 2, 1(1) = fi(I) = 3. 
Now, by Corollary 5.2.11, for any e > 1 we have that depth(yl// e ) = 1, 
a\(A/I e ) = 2e — 2 and a2(A/I e ) < 2e — 2. In the case e = 1, since / is linked 
to J = (Xi,X 2 ) by the regular sequence a = X% — X\X%, X| — X2X4, we have 
that A 1 1 is Cohen-Macaulay and there is a graded isomorphism K^/i = J/ (a). 
In particular, a(A/I) = —1. 

In trying to extend the bounds in Proposition 5.2.9 to the non- 
equigenerated case many difficulties appear. Next we will use approximation 
complexes to do this for strongly Cohen-Macaulay ideals. 

Let I be a homogeneous ideal in the polynomial ring A = k[Xi, . . . , X n ] and 
/ = fi, . . . , f r a homogeneous system of generators of /, with d. L =deg(/j), and 
let us consider the graded Koszul complex K (/) of A with respect to /. Denote 
by S = A\Yi,...,Y r ] with the bigrading deg(X, t ) = (1,0), deg(Yj) = (dj,l). 
Then the approximation complex of / is 

M(f) : Mr ->■ • • • -»• Mi -»• Mo ->■ 0, 

with M p = H p (K(f))<S>AS(0, —p), and the differential maps are homogeneous. 
Assume that / is a strongly Cohen-Macaulay ideal with ht (I) > 1 such that 
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for any prime ideal p D I, l^(Ip) < ht(p). Then M(f) is exact and provides 
a resolution of Sym^ (J/1 2 ) 9* G A (J) [HSV1, Theorem 2.6]. We will use it to 
get a bound for the a-invariants of the powers of these ideals. 

Proposition 5.2.13 Let I be a strongly Cohen- Macaulay ideal such that for 
any prime ideal p D I, n(I v ) < ht (p). Assume that I is minimally generated 
by forms fi, ■ ■ ■ , f r of degree d = d± > . . . > d r , and set h = ht (I), t = r — h. 
Then: 

(i) a(H m (f)) <-n + di + ... + d h+m , for all m<t. 

(ii) If 1 < e < t, depth(^4// e ) > n — h — e + 1 and for any < m < e — 1, 

a n _ h+1 ^ m (r) <-n + di + ... + d h+m + d(e-m-l). 

(Hi) If e > t, depth(A// e ) = n — r and for any < m < t, 

a n - h+ i- m (r) <-n + di + ... + d h+m + d(e-m-l). 

Proof. Recall that H p = H p (K(f)) = for all p > t. So the resolution of G 
given by the approximation complex is 

— > M t Mo G ^ 0, 

with M p = H p ®a S(0, -p). Let us denote by ft = (Pi, ...,/3 r ) G N r , and 
I P |= Pi + ■ ■ - + Pr- Applying the functor ( ) e to the modules of this resolution: 

G e = e i G {iie) = p/i e +\ 

M e p = e i Hp[Y 1 ,...,Y r ] {he _p ) 

( if e < p 

" \ 0|^|= e - p Hp(-diPi - ... - d r p r ) if e > p. 
So we get graded exact sequences 

-> M e q ->...-»■ Ml ->■ / e // e+1 0, 

with g = min{e, t}. Since / is a strongly Cohen-Macaulay ideal, we have that 
Mp is a maximal CM A/ 1- module for any p < q. By taking short exact 
sequences, we obtain that if e < t, depth(I e // e+1 ) > n — h — e and if e > t, 
depth(/ e // e+1 ) > n — h — t = n — r. On the other hand, by Proposition 6.3.2 
we also have that depth(/ e // e+1 ) = n — r if and only if e > t. Furthermore, we 
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get a n _/j_ m (/ e // e+1 ) < a(M e m ) = a(H m ) + d(e-m) for all < m < min{e, t}. 
From the exact sequences 

-► I e /I e+1 A// e+1 ^// e 0, 

we have now 

(a) depth(A// e ) >n-h-e + liil<e<t 

(b) depth(^/F) = n - r if e > t 

(c) a n _ /l „ m (A// e ) < maxo^xe-ij^^/j^^/^^ 1 )} < a(H m ) + d(e-m-l), 
for < m < min{e — l,t}. 

So, if we prove the bound for the a-invariant of the Koszul homology we have 
finished. Let us assume that among the forms fi,...,f r we can choose a 
regular sequence of length h. Let g\ = fj 1 , . . . , gh = fj h be this sequence, and 
gi, . . . g r the minimal system of generators of /. 

Let us consider the morphism from A to A/(g±). By [Hu2, Lemma 1.1], 
there is a graded exact sequence 

Q^H m (I-A)^H m (I/{g 1 )-A/(g l ))^H m ^(I-A){-deg 9l ) - 

for all m > 1; where H m (I/(gi); A/(gi)) denotes the Koszul homology of 
the elements 0,g 2 ,...,g r £ A/(g\). From this exact sequence, we have in 
particular a(H m (I; A)) < a(H m (I /(g\); A/{g\)). Denote by "-" the morphism 
from A to A = A/(gi, . . . , gu-i)- Repeating h— 1 times the previous procedure, 
we get a(H m (I; A)) < a(H m (I; A)) for all m > 1. But now I is a height one 
ideal in the CM ring A. Let us denote the Koszul complex of / by K = 
K(I; A), and the differential from K m+ \ to K m by d m +i. Set Z m = Ker(d m ), 
B m = lm(d m+ i), H m = H m (I;A). Then there are exact sequences 

— ► B m — > Z m — > i7 m — > 0, 

— > ^m+l — > i^ m +l — > S m — ► 0. 

By [Hul, Lemma 1.6] H rn are CM modules for all m, and then by [Hul, Lemma 
1.8], Z m and B m are maximal CM modules for A. The exact sequences imply 
now a{H m ) < a{B m ) < a(K m+1 ). Denoting by Si =deg(^), 

a(K m+ i) = a(A) + max{ < 5j 1 + . . . + 5 im+1 \ h<h< ... < i m+1 < r} 
= a(A)+6i + . . . + 5 h _ 1 + max{5 il + . .. + S im+1 \ h < i\ < . . . < i m+1 < r} 
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< -n + di + . . . + d h+m . 
So we are done if we prove the following lemma. □ 

Lemma 5.2.14 Let A = k\t\, . . . ,t s ] be a CM graded algebra over an infinite 
field k, with deg(ij) = 1. For any homogeneous ideal I, there exists a mini- 
mal homogeneous system of generators gi, ■ ■ ■ g r of I such that gi, ... gh is a 
maximal regular sequence in I. 

Proof. Set r = h = ht (I). Let /i, . . . , f r be a minimal homogeneous 

system of generators of I, with di = deg(/j), d\ < . . . < d r = d. We are going 
to prove the statement by induction on h. If h = there is nothing to prove. 
Assume h > 1. Then / (£_ z(A) = UpeAss(A) P; an d so Id (£_ p, Vp G Ass (A) 
(otherwise, we would have ff 6 p for all i, and then I C p). Since k is infinite, 
we get Id UpeAss(A) P ^ ^d-, an d so there exists g £ 1^ such that g p 
for all p G Ass (A). Note that Id is a fc- vector space generated by the forms 
fj 1 , . . . , fj i in degree d and the forms Mfj , with dj < d and M a monomial in 
ti,...,t s of degree d — dj. Now we can write 

9 = ^ifh + ■■■ + \fji + HMMfj, 

with Ai, . . . , Aj, fijM G If there exists p such that A p / 0, we can replace 
fj p by 5 i n the minimal system of generators of /. Otherwise, we have an 
element g in the ideal generated by the forms in / of degree d' = d r ^\ with the 
property that g p, Vp G Ass (A). We can repeat the arguments for 1^, and 
finally we will replace one of the forms fj by g. By considering A = A/(g), 
the ideal / = I /(g) has fi(I) = i — 1, ht (I) = h — 1. Then we get the result 
by induction. □ 

5.2.2 Applications to the study of the diagonals of the Rees 
algebra 

Next we are going to apply the results about the a-invariant of the powers of 
an ideal to study the Cohen-Macaulay property of the diagonals of the Rees 
algebra. If the Rees algebra is Cohen-Macaulay, according to Theorem 3.4.13 
there exists a £ Z such that k[(I e ) c ] is Cohen-Macaulay for any c > de + a 
and e > 0. For equigenerated ideals, we obtained a = d(l — 1) as upper bound. 
The following result precises the best a. 
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Proposition 5.2.15 Let I be an ideal in A = k[X\, . . . ,X n ] generated by 
forms in degree d whose Rees algebra is Cohen- Macaulay. Set I = 1(1). For 
a > 0, the following are equivalent 

(i) For all c> de + a, k[(I e ) c ] is CM. 

(ii) ai(I e ) < de + a, Vi, Ve. 

(Hi) ai{I e ) < de + a, Vi, Ve < / - 1 . 

(iv) H^ 1 (R A (I)) M = 0, Vp>dq + a, that is, a > a 1 (R^). 

(v) The minimal bigraded free resolution of Ra(I) is good for any diagonal 
A = (c, e) such that c > de + a. 

Proof. If k[(I e ) c ] is CM for c > de + a then we have H l m (I e ) c = for any 
i < n and c > de + a by Proposition 3.4.1, so a*(/ e ) < de + a, Ve. The 
converse follows similarly, and we get the equivalence between (i) and (ii). 

Since the Rees algebra R of / is Cohen-Macaulay, we 
— 1. Then, conditions (ii) and (in) are equivalent to a 1 (R ip ) = a\(R p ) < a by 
Theorem 5.2.1. 

Finally, we want to prove the equivalence to (v). If the resolution of R is 
good for diagonals A = (c, e) such that c > de+a, then we have H'[ n (k[(I e ) c \) = 
H i J ^ 1 (R) A = for i < n by Corollary 2.1.14, so k[(I e ) c ] is Cohen-Macaulay 
for any c > de + a and we obtain (i). Now assume that a 1 (R ip ) < a, and let 
us consider the minimal bigraded free resolution of R over S 

—> D t —>...—> D ± —> D —> R —> 0, 

with D p = ©( aj 6) e n p S(a, b). By applying the functor ( ) v , we have that 

— > Df D% — ► i?^ — ► 

is the bigraded minimal free resolution of R v over S^, with = 
®(a,6)en p S <p (a — db,b). Therefore, according to Theorem 1.3.4, for any 
(a, b) G we have db — a — n < a. Then the sets X A , Y A introduced 
in Remark 2.1.11 are empty for diagonals A = (c, e) with c > de + a, so the 
resolution is good for these A. □ 

If the form ring is Gorenstein, we can express this criterion by means of 
the second a-invariant of the form ring. Namely, 
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Corollary 5.2.16 Let I be an ideal in A = k[X\, . . . , X n ] generated by forms 
of degree d whose form ring is Gorenstein. For a > 0, the following are 
equivalent 

(i) For all c> de + a, k[(I e ) c ] is CM. 

(ii) a > d(-a 2 (G) - 1) -n. 

Proof. By Proposition 5.2.9, a l (R ip ) = d(-a 2 {G) - 1) - n. Then the result 
follows from Proposition 5.2.15. □ 

Let I be an equigenerated ideal in A. If the Rees algebra is Cohen- 
Macaulay, it can happen that some of its diagonals are not Cohen-Macaulay. 
Now, by taking a = in Proposition 5.2.15 we have a criterion to decide when 
all the diagonals of a Cohen-Macaulay Rees algebra are Cohen-Macaulay. 

Corollary 5.2.17 Let I be an ideal in A = k[X±, . . . , X n ] generated by forms 
in degree d whose Rees algebra is Cohen-Macaulay. Set I = 1(1). Then the 
following are equivalent 

(i) For all c > de + I, k[(I e ) c ] is CM. 

(ii) ai (I e ) < de, Vi, Ve < I - 1 . 
(Hi) H^\R A (I)) M =0, Vp > dq. 

(iv) The minimal bigraded free resolution of Ra{I) is good for any A. 
Assuming that Ga(I) is Gorenstein, these conditions are also equivalent to 

(v) -a 2 (G)<f + 1. 

Example 5.2.18 We may recover Corollary 3.4.2 as an easy application of 
Corollary 5.2.17. Let {Lij} be a set of d x (d + 1) homogeneous linear forms 
in a polynomial ring A = k[X\, . . . ,X n ], and let M be the matrix (Lij). Let 
h(M) be the ideal generated by the t x t minors of M and assume that 
ht(7 t (M)) > d - t + 2 for 1 < t < d. Set I = I d (M). The ideal I is generated 
by d + 1 forms of degree d, and we have a presentation of the Rees algebra of 
the form 

R A (I) = k[Xi, . . . , X n , Yi, . . . , ...,<f> d ), 

with deg(lj) = (d, 1), deg(^j) = (d + 1, 1), such that (f)±, . . . ,(j) d is a regular 
sequence. Therefore Ra(I) is Gorenstein, and so o?(Ga(I)) = —2. Since 
d < n—1, we have that — a 2 (G) < § + 1. Therefore k[(I e ) c ] is Cohen-Macaulay 
for any c > de + 1. 
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Next, we are going to use the bounds of the a-invariants of the families of 
ideals considered in Subsection 5.3.1 to study the Cohen-Macaulayness of the 
diagonals of their Rees algebras. First we recall a well-known result about the 
vanishing of the graded pieces of the local cohomology modules. 

Lemma 5.2.19 Let A be a standard noetherian graded k-algebra with graded 
maximal ideal m. Let L be a finitely generated graded A-module with d = 
dimL > 0. Then 

H*{L)j * 0, Vj < a(L). 

Proof. Since d > 0, we can assume H^(L) = because otherwise by 
considering L = L/H^(L) we have H°(Z) = and H*(E) = H*(L). We may 
also assume that the field k is infinite. Then there exists x € A 1 such that 
x za(L), and the exact sequence 

-► L(-l) L — > L/xL -► 

induces the graded exact sequence of local cohomology modules 

Ht\L/xL) - H d m (L)(-l) - H d m (L) - 0. 

From this exact sequence, we have that H^(L) S = implies H^(L)j = for 
j > s, so we are done. □ 

Proposition 5.2.20 Let I be an equimultiple ideal in A of height h > 1 gen- 
erated by forms in degree d whose Rees algebra is Cohen- Macaulay. For any 
c > de + 1, k[(I e ) c ] is Cohen- Macaulay if and only if c > d(e — 1) + a{A/I). 

Proof. We have proved in Proposition 5.2.8 that a 1 {R ip ) = a(A/I) — 
d. Therefore, k[(I e ) c ] is Cohen-Macaulay for any c > d(e — 1) + a(A/I) by 
Proposition 5.2.15. 

On the other hand, since a n -h (I e /I e+1 ) = de + a(A/I) by Proposition 
5.2.8, we have H^~ h (I e / 7 e+1 ) s / for all s < de + a(A/I) according to 
Lemma 5.2.19. By considering the short exact sequences 

o i e+1 i e /7/ e+1 o, 

and by induction on e, we get H™~ h+1 (I e ) s / for all s < d(e — 1) + a(A/7). 
Now, if k[(I e ) c ] is Cohen-Macaulay then H l m (I es ) cs = for i < n and s > 
by Proposition 3.4.1. In particular, it holds H^ h+1 {I e ) c = 0, and so c > 
d(e — 1) + a(A/I). This proves the converse. □ 
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Proposition 5.2.21 Let I be a strongly Cohen- Macaulay ideal such that 
n(Ip) < ht (p) for any prime ideal p ^ I. Assume that I is minimally gen- 
erated by r forms of degree d = d\ > . . . > d r , and let h = ht(/). For 
c > d(e — 1) + d\ + . . . + dh — n, k[(I e ) c ] is Cohen-Macaulay. 

Proof. According to Corollary 3.4.4, for a given c > de + 1 we have that 
k[(I e ) c ] is Cohen-Macaulay if and only if H l m (I es ) cs = 0, for i < n, s > 0, and 
H z m (r s - h+1 ) cs - n = 0, for 1< i < n, s > 0. 

From Proposition 5.2.13, note that a*(/ e ) < (e — l)d + d\ + . . . + dh — n. 
Therefore, to get the vanishing of the cohomology modules it suffices to see 
that cs > (es — l)d+di + . . . + dh — n and cs — n> (es — h)d+d\ + . . . + dh — n for 
any s > 1. The first condition is equivalent to (c — de)s >d\ + ... + dh — d — n 
for s > 1, that is, c — de > d\ + . . . + dh — d — n. The second one is equivalent 
to (c — de)s > d\ + . . . + dh — dh for s > 1, that is, c — de > d\ + . . . + dh — dh; 
and this always holds because d\ + . . . + dh — dh < 0.D 

To finish, let us consider the case that the Rees algebra has rational sin- 
gularities. Then all the diagonals k[(I e ) c ] have rational singularities by [Bou], 
so in particular the Rees algebra and its diagonals are Cohen-Macaulay. By 
Proposition 3.4.1, we get immediately 

Proposition 5.2.22 Let I be a homogeneous ideal in A = k[X\, . . . , X n ] gen- 
erated by forms of degree < d, where k is a field with chark = 0. // Ra{I) has 
rational singularities, then a*(I e ) < de for all e. 

Example 5.2.23 Let X = (Xij) be an m x n matrix of indeterminates, with 
1 < i < m, 1 < j < n and m < n. Let A = &[X] be the polynomial ring with 
variables the entries in X, where k is a field with char k = and k = k. Let 
/ = I(i(X) be the ideal generated by the ci-minors of X, 1 < d < m. 

By [Bru, Theorem 3.2], Ra{I) has rational singularities. So we have 
a*(I e ) < de, for all e. This also holds for ideals generated by minors of 
symmetric generic matrices and ideals generated by pfaffians of alternating 
generic matrices by [Bru, Remark 3.4]. The defining ideals of the varieties 
considered by A. Bertram in [Ber] are: 

(a) -/~2(X), with X a generic matrix, for the defining ideals of the products 

(b) ^(X), with X a generic symmetric matrix, for the defining ideals of 
quadratic Veronese embeddings of V r k . 
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(c) P/2(X), the ideal generated by the pfaffians of a generic alternating 
matrix, for the defining ideal of the Pliicker embedding of G(2,r). 

In these cases we get a*(/ e ) < 2e, for all e. A. Bertram gets the following 
bounds for M = maxj>2{aj(/ e )} : 

(a) M < 2e - 4. 

(b) M < 2e — 3. 

(c) M < 2e - 6. 

5.3 Bayer— Stillman Theorem 

Let S = k[X±, . . . , X n , Yi, . . . , Y^.] be the polynomial ring in n + r variables 
with the bigrading given by deg(Xi) = (1,0), deg(lj) = (0,1), so that S 
is a standard bigraded fc-algebra. For a homogeneous ideal / in S, we have 
already defined in Section 5.1 the bigraded regularity reg(J) of /. The aim of 
this section is to give a new description of the regularity of / analogous to the 
one given by D. Bayer and M. Stillman [BaSt] in the graded case. To this end, 
we are going to prove several technical lemmas which are the bigraded version 
of the ones in [BaSt]. To state them, we need to introduce the saturations of / 
with respect to the variables X_ and Y_ (I* 1 and I* 2 ), and the generic forms for 
/ with respect to X_ and Y_. Furthermore, Theorem 5.1.1 and Theorem 5.1.2 
will be needed to prove some of these lemmas. We will include all the proofs 
for the completeness. 

For a given finitely generated bigraded S-module L, we say that L is (m, ■)- 
regular if regiL < m. Similarly, L is (•, m)-regular if reg2^ < m. Denote 
by M\ and M2 the ideals of S generated by mi = (Xi, X n ) and rri2 = 
(Yi, . . . , Y r ) respectively. Then we have 

Proposition 5.3.1 Let L be a finitely generated bigraded S-module. Then the 
following are equivalent: 

(i) L is (m, •) -regular. 

(ii) H l Mi (L) im) = for alii, q, p > m - i + 1. 
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Proof. By Theorem 5.1.2, L is (m, -)-regular if and only if reg(L 9 ) < m for 
any q, that is, H l mi (L q ) p = for all i, q and p > m — % + 1. Now the result 
follows from Proposition 2.1.18. □ 

Given a homogeneous ideal /, let us define I* 1 and I* 2 to be the homoge- 
neous ideals 

J* 1 = {/ e ^ : 3 k s.t. M x k f C /}, 
J* 2 = {/ G 5 : 3 k s.t. M 2 k f C /}. 

Lemma 5.3.2 Assume k infinite, and lets = m&x{i \ H' l Mi (S/I) / 0}. Then, 

(i) If 8 = 0, I* 1 = S. 

(ii) If s > 0, there exists h G SVo) swcfa ifaai (I* 1 : fa) = i"* 1 . 

Proof. First note that 

H° Ml (S/I) = {JeS/I\3k s.t. Mi k 7 = 0} = 

= { / g s | 3 k s.t. Mi k f c /}// = r 1 /!. 

If s = 0, we have W mi ((S / 1)% = H* Ml (S / 7) (m) = for any p, 9 , i > 0, so 
has dimension as graded Si-module, and then H^((S/I) q ) = (S/I) q . 
Therefore, H^S/I) = S/I, and we get I* 1 = S. 

If s > 0, note that I* 1 / 5 because otherwise (S/I) = S/I 
and then we would have H l Mi (S/I) = for all i > 0. Now consider 
S = S/J*\ and denote by T = S° = ^/(I* 1 ) , ml = miT. We have 
that #^(5) = (J* 1 )* 1 //* 1 = 0, and so H® n (S q ) = for all q. Therefore, 
mT Uo Asst(5' 9 ). On the other hand, according to [HIO, Proposition 23.6] 
we have that [J q Ass t(S 9 ) is a finite set. Since k is infinite, we can find h G S\ 
of degree 1 such that fa G" zr(S g ) for all g. Then fa G S^i.o) satisfies that 
h zs-^S/I* 1 ). Therefore, (I* 1 : fa) = I* 1 . □ 

From now on in this section we will assume that the field k is infinite. 
Let s = max{i | H l Mi (S/I) / 0}. If s > 0, h G <S(i,o) is generic for I if 
fa G" zs^S/I* 1 ), that is, (I* 1 : fa) = I* 1 . If s = 0, we say that any fa G S^o) is 
generic for /. Given j > 0, we define Uj(I) to be the set 

{(hi,. . . , hj) G S^q) | fajis generic for (I, hi,..., faj-i), 1 < « < j}. 

Lemma 5.3.3 Let fa G <S7i,o)- The following are equivalent: 

(*) i 1 ■ h )(p,q) = I ( P ,q) forp>m. 
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(ii) h is generic for I and (I* 1 )^^) = I( p , q ) for p > m. 
Proof. First, let us notice that for p > a\(S/I) we have 

(r7/) (M) = h° Mi (s/i) m = H° mi ((s/m P = o 

by Theorem 5.1.1. Therefore, for p large enough it holds (I* 1 )( p<q ) = I( P , q ), Vg. 

Now let us assume that (i) holds, and let / G I* 1 be a homogeneous element 
not in / such that degi/ is maximum. Then hf G I* 1 has deg 1 (/i/) > deg 1 /, 
so hf G /. Hence deg x f < m, and (I* 1 )^^) = I(> P , q ) for any p > m. To show 
that h is generic for /, we may assume that s = max{i | H % Mi (S/I) / 0} > 
(if not, any element in S^o) is generic for /). Then we want to prove h G" 
zs 1 (S/ 1* 1 ). Otherwise, there exists a homogeneous element / G" I* 1 such that 
hf G I* 1 . By Lemma 5.3.2, there exists g G S7i,o) such that g G" zs 1 (S/ 1* 1 ). 
Then, for any s > we have g s f G" I* 1 and /ig s / G I* 1 , so (I* 1 : / 
for all p>0. But note that for any p > m, 

i 1 * 1 ■ h )(p,g) = i 1 ■ h )( P ,q) = kp ',</) = 

and we get a contradiction. 

Now assuming (ii), we have that for p > m 

{I ■ h) M = (I* 1 : h) M = (I* 1 )^) = I( p , q ). □ 
Lemma 5.3.4 Let h G S^o) be generic for I. The following are equivalent: 
(i) I is (m,-) -regular. 

(ii) (I, h) is (m, -)-regular and (I* l )[ PA ) = I(p,q) f or a ^ P — m - 

Proof. If / is (to, -)-regular, then S/I is (m — 1, -)-regular. Then for any i, q 
andp > m — i, we have H l Mi (S/I)( p ^ = by Proposition 5.3.1. In particular, 
for p > to 

= - ff A1i( 5 '/ / )(p,<?) = i 1 * 1 / 1 )^)' 

and so (I* 1 )^) = I(p, q ) for p > m. 

Let us consider Q := (I : h)/I. In the assumptions of (i) or (ii), observe 
that for p > m, (I : h) M = (I* 1 : h) M = (I* r ) M = I M , so Q M = 
for p > to. Therefore H l Mi (Q) = for alH > and H Q Mi (Q) = Q. From the 
bigraded exact sequence 

-> I -> (/ : h) -> Q -> 0, 
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the long exact sequence of local cohomology gives 

#kOO(™) = H mA(I ■ h))ip, q) ,Vi,p > m- i + 1. 

Assume first (i). We have already shown that (I* 1 )( Ptq ) = I(p, q ) for all 
p > m. Since 7 is (m, -)-regular, we have H l Mi ({I : /i))( Pi(J ) = for all i, 
p > m — i + 1. By considering the exact sequence 

0->ln(h) = (I:h)h=(I: h)(-l, 0) -► 7 (/i) (/, /i) -► 0, 

we get 77^ ((-^ ^))(p,g) = for alH, p > m — i + 1, so (J, /i) is (m, -)-regular. 

Now by assuming (m), from the previous exact sequence we obtain that 
H'mA 1 '■ h ))(p-i,q) ~ for p > m - i + 2. For p > m - i + 1, we 

then have that H l Mi (I) M = H l Mi ({I : h)) M = H l Ml (I)(p+i, q y Therefore 
-^Mi (-0(p,<?) = for p > m — z + 1, so 7 is (m, -)-regular. □ 

Lemma 5.3.5 Lei 7 be an ideal generated by forms in deg x < m and h G 
5( li0 ). 7/(7, h) is (m, -)-regular, then (7 : /i) is generated by forms indeg 1 < m. 

Proof. Let fi,...,f u , hf u +i, . . . , hf v be a minimal system of homogeneous 
generators for 7, where /i, . . . , f u ,h is a minimal system of generators for 
(I,h). If / G (7 : /i), then 

= fi/i + • • • + 9ufu + h(g u+1 f u+1 + ...+ g v f v ), 

for g 1 ,...,g v e S. Thus 

(/ - 9u+lfu+l - ... - - ffi/i - ... - = 0. 

The first map in the bigraded minimal free resolution of (7, h) is 

Se © Sei © . • • © Se u — ► (I, h) 
e i — ► h 

e j 1 y fj 

and we have that 

(/ - Qu+ifu+i - ... - g v fv)e ~ 9iei - ••• - g u e u 

is a first syzygy of (7, h). Conversely, if le + l\e\ + . . . + l u e u is a first syzygy of 
(7, h) then Ih + hfr + ... + !„/„ = 0, so Z/t G (/i, ... , /„) C 7, and I £ (I : h). 
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Because (L, h) is (m, -)-regular, each first syzygy of (I, h) can be expressed in 
terms of syzygies of (L, h) in deg x < m + 1. Then 

(f-Qu+ifu+i- ■ ■ ■-9vfv)e-giei- . . .-g u e u = ^i(li e +7n e i + ■ ■ -+7me u ), 

i 

with deg^e + 7a ei + . . . + 7i«e u ) < m + 1. So 

i 

with ji E (I : h), deg 1 ji < m. Since ■ ■ ■ , fv also belong to (/ : /i) and 

have deg x < m, we finally obtain that (/ : h) can be generated by elements in 
deg x < m. □ 

We are now ready to prove a bigraded version of the Bayer-Stillman's 
Theorem characterizing the regularity of a homogeneous ideal in terms of 
generic forms. 

Theorem 5.3.6 Let I be a homogeneous ideal in S generated by forms in 
deg 1 < m. Then the following are equivalent: 

(i) I is (m,-) -regular. 

(ii) There exist h±, . . . ,hj £ S7i,o) f or some j > such that 

((I, hi,. . . , V-i) : hi)( m , q ) = {I, hi,.. . ,^j-i)( mig ), Vg, 1 < z < j. 

(7, hi, ... , hj)( m ,q) = S( m>g ), Vg. 

(Hi) Let s = max{i | H l Mi (S/L) / 0}. For a// (hi, . . . , h s ) € U](I), p>m, 

((I, hi, ... , hj_i) : hj)(p )9) = (J, hi, ... , hi-i) M , Vg, 1 < i < s. 

(I, hi,..., h s )(p j? ) = Vg. 

Proof. Note that (m) =>- (ii) is obvious. Now we are going to show that 
(ii) =>■ (z) by induction on j. If j = 0, we have that I(m,q) = S(m,q) f° r an 
so = ^,5) for all q and p > m. Therefore, 



H'm^S/L) 



if z > 
5// if * = 



In particular, we have that Hj vti (S / L) ^ pq ^ = for all i, q andp > m — i, so / is 
(m, -)-regular. If j > 0, we have that (I, hi) is (m, -)-regular by the induction 
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hypothesis. Since I is generated by forms in deg 1 < m, we have that (I : h±) is 
generated by forms in deg x < m by Lemma 5.3.5. As (I : hi)t m , q ) = I{m,q)-> we 
then conclude (I : ^i)(p,q) = I( P , q ) for all p > m. According to Lemma 5.3.3, 
we have that hi is generic for / and {I* 1 )( p , q ) = I( P , q ) f° r an p > m. Then I is 
(m, -)-regular by Lemma 5.3.4. 

Now let us prove (i) =>- (Hi) by induction on s. If s = 0, since I is (m, ■)- 
regular we have H® Mi (S '/ 'I){ p , q ) = (I* 1 /^)^,?) = for p > m, and I* 1 = S by 
Lemma 5.3.2. Therefore, I( p>q ) = (I* 1 )( P , q ) = ^(p,?) f° r p > m. Assume now 
s > 0. Since I is (m, -)-regular and hi is generic for /, we get that (I, hi) 
is (m, ■) -regular and (I* 1 )^ ^ = I( ps ) for all p > m by Lemma 5.3.4. As 
(/i2, . . . ,h s ) G Ug_i((I, hi)), by the induction assumption it is just enough to 
show (7 : = ^( P ,<j) f° r p > m, which is satisfied by Lemma 5.3.3. □ 

We are going to use this criterion to compute the bigraded regular- 
ity of the generic initial ideal of a homogeneous ideal I in S. Let S = 
k[X\, . . . , X n , Yi,...,Y r ] be the polynomial ring over an infinite field k with 
the bigrading given by degpQ) = (1,0), deg(lj) = (0, 1). Let < be an order 
on the monomials of S. Let us denote by Q = Q\ x Q2, with Q\ = GL(n,k), 
Q2 = GL(r,k). Given an element g = (f,h) £ Q, where / = (fij)i<ij< n and 
h = (hij)i<ij< r , g acts on S by acting on the variables in the following way 

n r 

Xj 1 ► ^ fijXi , Yj 1 ► ^ hijY{. 
1=1 1=1 

We will denote by B = B\ x B2, where 81,82 are the Borel subgroups of Gi,G2 
consisting of upper triangular matrices, and by 8' = B[ x 8' 2 , where 8^,82 are 
the Borel subgroups of Gi,G2 consisting of lower triangular matrices. We will 
denote by U = Ui x U2, where Ui,U2 are the unipotent matrices. By bigrading 
the proof of [Eis, Theorem 15.18], we get 

Theorem 5.3.7 (Galligo, Bayer-Stillman) Let I C S be a homogeneous ideal. 
There exists a non-empty Zariski open U = B'U C G , U C\U 7^ Id, and a 
monomial ideal J such that 

m(gl) = J,Vg£ U. 

We call J the (bi)graded generic initial ideal of I, written J = gin(J). 
Given a homogeneous ideal I C S, we say that I is Borel-fix if gl = I for any 
g e 8. It was proved that the generic initial ideal of a graded ideal is Borel 
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fix. By bigrading the proof of [Eis, Theorem 15.20], we easily obtain that the 
generic initial ideal is Borel-fix. 

Theorem 5.3.8 Let I C S be a homogeneous ideal. For any g G B, 

S(gin(l)) = gin(J). 

Let p > 0. Given s, t G N, we define s < p t -4=>- (*) ^ (modp). We also 
can give an equivalent characterization of the Borel-fix bihomogeneous ideals 
analogous to the one in the graded case [Eis, Theorem 15.23]. Namely, 

Theorem 5.3.9 Let I be a homogeneous ideal of S. Letp = chark > 0. Then 
(i) I is diagonal-fix iff I is monomial. 

(ii) I is Borel-fix iff I is generated by monomials m such that satisfy the 
following conditions 

- If m is divisible by Xj but by no higher power of Xj, then 
(Xi/Xj) s m G I, Vz < j, s < p t. 

- If m is divisible by Yj but by no higher power of Yj, then 
{Yi/Yjfm G I, Mi < j, s < p t. 

For a homogeneous ideal /, let us denote by Si(I) the maximum first 
component of the degree in a minimal system of generators of /. In a similar 
way, we may define 62 (I). Then we have 

Proposition 5.3.10 Let I C S be a Borel-fix ideal. If chark = 0, then 

reg 1 (/) = (5 1 (7), 
reg 2 (/) = (5 2 (7). 

Proof. Set m = Si(I). From the definition of the regularity it is clear that 
regi(I) > m. According to Theorem 5.3.6, to prove the equality it is enough 
to show that for p > m, i < n, we have 

((I,X n , . . . ,X i+ i) : ^i)(p,g) = (I,X n , . . . ,X i+ i)(p )? ). 
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Let / G ((/, X n , . . . , Xi + \) : Xi) be a monomial with deg x f > m. If there 
exists k > i + 1 such that we immediately have / G (I,X n , . . . , 

Otherwise, 

Xif = X a Y^(X A Y B ), 

where A A Y B G J, deg x X A < m, deg x A a > 1. If X { \X a , we then easily get 
f £ I. If not, by taking < i such that Xk\X a , we can write 

/ = ^&X A Y B ). 

Since I is Borel-fix, we have that ^X A Y B £ I by Theorem 5.3.9, and so 
/€/C (I,X n ,...,X i+1 ). □ 

This result has been proved independently by A. Aramova et al. [ACD] 
by other methods. 

In the graded case, it was proved by D. Bayer and M. Stillman [BaSt] that 
there exists an order in A = k[X±, . . . ,X n ] (the reverse lexicographic order) 
with the property that reg (I) = reg (gin/) for any homogeneous ideal I in A. 
We may wonder if the analogous bigraded result also holds, that is, if there 
exists an order in the polynomial ring S such that reg(J) = reg(ginl) for any 
homogeneous ideal /. We show that this is not true by giving a homogeneous 
ideal in S such that reg(7) / reg(ginl) for any order on S. 

Example 5.3.11 Let us consider the polynomial ring S = k [X\ , X2 , Y\ , Y2] , 
with deg(Xi) = deg(A 2 ) = (1,0), deg(Yi) = deg(Y 2 ) = (0,1). Let > be a 
term order in S, that is, an order satisfying 

(i) X 1 > X 2 , Y 1 > Y 2 . 

(ii) For monomials m, mi, m 2 in S, if mi > m 2 then mm\ > mm 2 . 

Let / be the homogeneous ideal in S generated by the forms f\ = X\Y\ and 
/ 2 = X1Y2+X2Y1 in degree (1, 1). Note that /1, / 2 is a regular sequence, so the 
Koszul complex of these forms provides the minimal bigraded free resolution 
of /: 

-► S(-2, -2) -► S(-l, -l) 2 — > J — > 0. 

Then the regularity of / is reg(i) = (1, 1). Note that X X Y X > X X Y 2 , X 2 Y X > 
X 2 Y 2 . Therefore, if we want to define an order on the monomials of S we only 
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must decide if X1Y2 > X2Y1 or X1Y2 < X2Y1 in degree (1,1). Assume first 
that XiY 2 > X 2 Yi. Recall that g G GL(2, k) x GL(2, k), with 




operates in S by means of 

X 1 1 — ► aX 1 +bX 2 

X 2 •— ► cX 1 +dX 2 

Y 1 .— ► aY 1 +0Y 2 

Y 2 — 7*i+P*2 

Since dim fc gin(7) (i = dim fe 7 (i for any we have that gin(/) (ij ) = 

for e {(0, 0), (1, 0), (0, 1)}. In degree (1, 1), the forms /1, / 2 are a /c-basis 
°f J(i,i)- % computing #(/i A / 2 ), we get 

</(/i A h) = « 2 («P " 07)*i*i A X X Y 2 + . . . 
so gin(/)( 11 ) is the /c- vector space generated by X1Y1, X1Y2. If gin(7) = 
(XiYi,Xiy 2 ), then dim fc gin(/) (li2) = 3 because X ± Y^, X 1 Y 1 Y 2 , X X Y 2 2 is a 
fc-basis, which is a contradiction because dim*; 7( 12 ) > 4. Therefore, gin(7) 
has minimal generators with deg x > 2 or deg 2 > 2, so regi(ginJ) > 2 or 
reg 2 (gin/) > 2. In the case X{Y2 < X2Y1, it can be proved that reg(ginl) 7^ 
(1,1) by similar arguments. Therefore, we get reg(I) / reg(gin/) for any 
order in S. 

Finally, note that these results can be applied to study the Koszul property 
of the diagonals of a bigraded standard A;-algebra. By using [ERT, Theorem 
18], and following the same lines as [ERT, Theorem 2] in the graded case, it 
can be proved that that for a homogeneous ideal / of S, (S/I)a has a Grobner 
basis of quadrics for c » 0, e » (see also [ACD]). 



118 



Chapter 6 



Asymptotic behaviour of the 
powers of an ideal 

Let A = k[Xi, . . . ,X n ] be a polynomial ring over a field k, and let I be a 
homogeneous ideal in A. In this chapter we are concerned with the asymptotic 
behaviour of the powers of I. We will use the bigraded structure of the Rees 
algebra to get information about the Hilbert polynomials, the Hilbert series 
and the graded minimal free resolutions of the powers of I. 

In Section 6.1 we show that the Hilbert polynomials of the powers of the 
ideal I have a uniform behaviour. In particular, the Hilbert polynomials of a 
finite set of these powers allow to compute the Hilbert polynomials of its Rees 
algebra and its form ring, without needing an explicit presentation of these 
algebras. In Section 6.2, similar results are stated for the Hilbert series of the 
powers of /. 

The last section begins by studying the projective dimension of the powers 
of /. The approach to this question by means of the bigrading of the Rees 
algebra allows to recover some classical results as the constant asymptotic 
value for the projective dimension, as well as to determine the powers of the 
ideal which take the asymptotic value whenever the form ring is Gorenstein. 
After that, we study the graded minimal free resolutions of the powers of an 
ideal. In the equigenerated case, it is proved that the shifts are given by linear 
functions asymptotically and the graded Betti numbers of these resolutions 
are given by polynomials asymptotically. This result is then applied to guess 
the resolutions of the powers of some families of ideals from a finite set of these 
resolutions. 
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6.1 Hilbert polynomial of the powers of an ideal 

First of all, let us recall some standard definitions and notations referred to 
the Hilbert polynomial (see for instance [BH1]). Let A = k[X\, . . . ,X n ] be 
the polynomial ring over a field k, and let M be a finitely generated graded 
yl-module. The numerical function 

H(M, ) : Z — ► Z 

j i ^ dim fc Mj 

is the Hilbert function of M. Denoting by d = dimM, there exists an unique 
polynomial Pm{s) G Q[s], of degree d — 1, for which H(M,j) = Pm(J) for all 
j>0. We can write 

^M( s ) = E(- 1 ) d " 1 " fc ^-i-fe 

fc=0 

with eo, . . . , e^_i € Z. Pm(s) is called the Hilbert polynomial of M. 

Our first result shows the uniform behaviour of the Hilbert polynomial of 
the powers of any homogeneous ideal in a polynomial ring. 

Theorem 6.1.1 Let I be a homogeneous ideal in A. Set c = cl1(Ra{I)), 
h = ht (I). Then there are polynomials eo(j), . . . , e ra _^_i(j) with integer values 
such that for all j > c + 1 

P A/ As) = ^(-iT^-'-'en-h-i-kU) 
fc=0 

Furthermore, dege n -h-i-k(j) < n — k — 1 for all k. 

Proof. Assume that / is generated by forms f±,...,f r in degrees d± < . . . < 
d r = d respectively. Then the Rees algebra R = Ra{I) of / can be endowed 
with the bigrading given by Ruj) = {P)i, so that R is a bigraded S- module, 
for S = k[Xi, . . . , X n , Yi,...,Y r ] the polynomial ring with deg(Xi) = (1,0), 
deg(Yj-) = (dj, 1). Since R is a domain, it has relevant dimension n + 1. Then 
by Proposition 1.5.1 and Proposition 1.5.5 there exists a polynomial Pji(s,t) 
of total degree n—\ such that for all (i,j) 

dim k R (iJ) - P R (i,j) = ^(-l) 9 dim fc H q R+ (R) {iJ) , 

i 
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where R + is the ideal generated by the products Xifjt for 1 < i < n, 1 < 
j < r. By taking in S the homogeneous ideals Mi = (Xi,...,X n )S and 
M.2 = (Y±, . . . , Y r )S, the Mayer- Vietoris long exact sequence gives then 

■ ■ ■ - H q Mi (R) © H^R) - H q + (R) - flft 1 ^) - • • • 

Notice that for j > c we have Hj vt (R)^ i j^ = for all Then, by Propo- 
sition 2.1.18 we also get H q M2 {R)^^ = for j > c, for all Further- 
more, H q Mi {R)(i^ = H^(P)i for any j > by Proposition 2.1.18. There- 
fore, for any j > c there exists an integer io = a*(P) (depending on j) such 
that H q R+ (R) {id) = H q s+ (R) (itj) = H^(P)i = for all q and i > i . Hence 
P(i,j) = dim fe = dim fe (/ J, ')j for any j > c and i > i . 

Now, by defining Pj(s) = ("J^ 1 ) ~~ -P( s )i)> f° r j > c, s » we have 
that Pj(s) = dim/ t (A/P) s . Hence Pj{s) is the Hilbert polynomial of A/ P. 
Furthermore, we can write 

= Cn-l 1 ) ~~ Yjl+m<n~l a lm{ S j*) (^) 

= E3E 1 fc*(j)( # tt, 

with 6fc(j) polynomials in j. Since degPj(s) = n — h — 1 for any j > c, we 
have fefc(i) = for k > n — h and j > c, so = for k > n — h. Then we 

may write 

n—h—l 

Pj(s)= ]T (-l)^' l - 1 - fc e n _,_ 1 _ fe (i) 

fc=0 

for j > c. Moreover, since Pn(s,t) has total degree n — 1 and Pji(s,t) = 
Cn-i 1 ) ~~ -f^ 5 )' we easil y obtain that dege n _ fe _i_ fe (j) <n — k — 1. □ 

Remark 6.1.2 We have seen that deg e n -h-i-k(j) < ^ — A; — 1 for all k, so 
in particular the polynomial eo(j) which gives the multiplicity of A/P has 
degree < h. By Nagata's formula, 

e (j) = e(A/P) = Yl length(A p /P p )e(A/p), 

peAssh(A//) 

with Assh(A/I) = {p G Ass (A//) | dim^l/p = dim A//}. Note that for all 
those p, we have that dim^4 p = h and then 

length( A 9 /P p ) = e(IA p ,A p )\ . J + polynomial in j of degree lower than h. 
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Therefore eo(j) has degree h, so let us write 



eo(j) = A fe 



( 



h 



) 



+ polynomial in j of degree lower than h. 



We can give an upper bound for the leading coefficient A^. According to [HS, 
Corollary 3.8], we have 



Assume that / is generated by forms in degree < d. Then there exists a positive 
integer a such that reg(-P) < dj + a by Theorem 3.4.6, and so A^ < d h . 
In Proposition 6.1.4 we will show that A^ and, more generally, the leading 
coefficients of the polynomials e n -h-i-k(j) play an important role in the mixed 
multiplicities of the Rees algebra and the form ring. 

Now let us consider a homogeneous ideal I generated by forms in degree d. 
Let us take the Hilbert polynomial Pn(s,t) of its Rees algebra with the usual 
bigrading, and let us write 



Following [HHRT], we call e^R) — flj,n— l— i the mixed multiplicity of R of 
type i for i = 0, . . . , n — 1. According to Proposition 1.5.1 we have ei(R) > 0, 
and then e(R) = a{R) by [HHRT, Theorem 4.3]. Next we are going to 

study the multiplicity of the Rees ring and to relate it to the multiplicity of 
the form ring. First, we need to compute the relevant dimension of the form 
ring. 

Lemma 6.1.3 Let I be a homogeneous ideal in A generated by forms in degree 
d. Then the relevant dimension of G is n if and only if I is not m-primary. 

Proof. If / is m-primary, then G + C P for any homogeneous prime P G 
Spec(G) because G^o) is nilpotent, and so rel.dimG = 1 < dimG = n. HI 
is not m-primary, for k = 0, . . . , n — h — 1 let us write 

e n _ h _i_ fc (j) = Xn-k-i _ ^ _ 1 j + polynomial in j of lower degree. 

Then for s 3> 0, t S> 0, we have 





HUBERT POLYNOMIAL OF THE POWERS OF AN IDEAL 



123 



P G (s + dt, t) = P A/I t+i (s + dt) - P A/I t (s + dt) 

= Efe=o~ 1 (- 1 ) n_ft_1_fc ( e n-ft-i-fc(i + 1) - e M _ k (t))( s+d * +k ) 

= E^- 1 (-l) n -' l - 1 - fe An- fe -l(( n l + fc 1 -l) " L-l-M + t +k ) + 

+ polynomial in s, t of lower total degree 

_^n-h-lr_- [ \n-h-l-k\ I t \ (s+dt) k , 

+ polynomial in s, t of lower total degree 
+ polynomial in s,t of lower total degree 



En— A— 1 
i=0 



In particular, is the coefficient of ( ^-l) Gi-i) wmcn i s n °t zero by 
Remark 6.1.2. So the total degree of the Hilbert polynomial of the form ring 
is n — 2, and then the relevant dimension of G is n by Proposition 1.5.1. □ 

If 7 is a homogeneous ideal generated by forms in degree d which is not 
m-primary, let us consider the Hilbert polynomial of its form ring 

m 



p G (s + dt,t)= J2 M 

k+m<n—2 



We call ei(G) = 2— i > the mixed multiplicity of G of type i for i = 
0, .... n - 2. Then e(G) = £™~ 2 e;(G) again by [HHRT, Theorem 4.3]. 

Now we can give the mixed multiplicities of the Rees algebra and the 
form ring of an equigenerated ideal by means of the leading coefficients of 
the polynomials e n _h-i-kU) given by Theorem 6.1.1, and to relate the mixed 
multiplicities of both rings. 

Proposition 6.1.4 Let I be a homogeneous ideal generated in degree d which 
is not m-primary. Set h = ht (I), I = 1(1). For each k, let us write 

e n _ h _i_ fc (j) = Xn-k-i _ ^ _ 1 j + polynomial in j of lower degree. 
Then 

(i) ei(G) = if i > n — h or i < n — I — 2. For each n — I — 2 < i < n — h, 
we have 

e t (G)= £ (-l)»- fc - 1 - fc X B _ fc _ 1 d fc - i ' n " 2 " M 



k=i 



k — i 
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(ii) e,i(R) = if i < n — I — 1. For each i > n — / — 1, we /iaue 
cP" 1 -* if i > n - h 

dlM _ ^n-h-l^n-h-l-k Xn _ k _ id k-i^-l-i^ otherwige 



ei(R) 



(Hi) ei(G) = dei + i(R) — ei(R), for i = 0, . . . ,n — 2. /n particular, we have 
e-i(R) < /or z = 0, . . . , n — 2. Furthermore, 



e(G) 



(d-l)e(R) + l ifl<n-l 
(d - l)e(R) + 1 - de (R) if I = n 



Proof. Let us fix j > aj(G). Then we have that for s » 0, 

dim * G^L= Pc(s +*^ t+ ,g„>0 &)• 

so Pq(s + dj, j) is the Hilbert polynomial of the ^//-module P /P +1 for large 
j. Hence 6fc m = for any k > n — h, so in particular ej(G) = for i > n — h. 

Let us fix now i > a^G 1 ^). Then we have that H q M (G)(, i+( ijj) = 
^Mi(^)(i+dj,j) = f° r all q and J by Remark 5.2.2. From the Mayer- Vietoris 
long exact sequence, we have that for t » 0, 



dim fc (t^Ti) =Pc{i + dt,t)= b km 



k \m 



Therefore, we have that Pc(i + c^ 5 i) is the Hilbert polynomial of the F m {I) = 
/c[/d]-module Ei = (§)j>o(P / P +1 )i+dj- Hence b^ m = for m > I. Then the 
first part of (i) is proved, and for the rest it suffices to notice that for s,t>0, 
P G (s + dt,t) = P A /p+i(s + dt) - P A /p(s + dt). 

To get (ii) and (Hi), it is just enough to take into account that for s,t>0 
we have 

P R (s + dt,t) = P A (s + dt) - P A/I t(s + dt), 
P G (s + dt, t) = P R (s + dt, t) - P R (s + dt,t + 1). □ 



Remark 6.1.5 Let (A, m, k) be a local ring, and / ^ A an ideal. Set n = 
dim A, I = 1(1), h = ht (/). Let us denote by G = G m (G/(^l)) bigraded by 
means of 

_ m l P + P +1 

G (i,j) ~ m i+llj + Jj+l ■ 
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Since G is a standard bigraded fc-algebra, we may consider its Hilbert polyno- 
mial 

%M)= ^ fAft 

and let us denote by Ci(G) = Cj_i jn _i_j for 1 < i < n — 1. R. Achilles and M. 
Manaresi [AM] show that c%(G) = if i > dim A/ 1 or i < n — I. 

This definition and the results proved in [AM] can be extended to the 
graded case, and then we get that Cj(G) = if i > n — h or i < n — I. For 
a homogenous ideal / in A = k[X\, . . . ,X n ] generated by forms of degree d, 
note that 

G (iJ) = ijJ+±) i+dj = 

so ei(G) = Ci + i(G), and we get part of (i) of the previous proposition. In fact, 
the idea for proving this part of (i) is similar to [AM]. 

Remark 6.1.6 If / is a complete intersection ideal then I = h, and from 
Lemma 6.1.4 (ii) we have ei(R) = 0ifi<n — I — 1, and ej(i?) = d n ~ l ~ l if 
i > n — I. This result was proved in [STV, Theorem 3.6]. 

Corollary 6.1.7 For a homogeneous ideal I generated by forms in degree d 
of height h, we have 

(i) e{R) > l + d+ ... + d h ~ 1 . 

(ii) If I is equimultiple, e(R) = 1 + d + . . . + dt 1 ^ 1 . Assume further that I is 
not a m-primary ideal. Then e(G) = e n -h-i{G) = Xh = d h . 

(Hi) Assume that I is not a m-primary ideal and A/P is Cohen- Macaulay 
for j 3> (or Buchsbaum). Then e n _/ l _i(G) = d h , so e(G) > d h . 

Proof, (i) and (ii) are trivial. To get (Hi), according to [HRTZ, Proposition 
2.3] for j » we have that e(A/P) > ( dj+ ^ 2 ), and so X h > d h . Furthermore, 
Xh < d h because e n -h-i(R) = d h — Xh > by Lemma 6.1.4. We conclude 
e n _^_!(G) = X h = d\ and so e(G) > e„_^i(G) = d h . □ 

Notice that as a consequence of Theorem 6.1.1 we have that with the 
Hilbert polynomials of a finite set of the powers of an ideal we can compute 
the Hilbert polynomials of its Rees algebra and its form ring, without needing 
an explicit presentation of these bigraded algebras. For equigenerated ideals, 
we may also compute the multiplicities of the Rees algebra and the form ring. 
Namely, 
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Corollary 6.1.8 Let I be a homogeneous ideal in A. Set c = o%(Ra{I)), 
h = ht (I). Then the Hilbert polynomials of P for c + 1 < j < c + n determine 

(i) The polynomials e n -h-i-k(j) for k = 0, . . . , n — h — 1. 

(ii) The Hilbert polynomials of A/ 1 3 for j > c + n. 

(Hi) The Hilbert polynomial of the Rees algebra of I and the Hilbert polyno- 
mial of the form ring of I. 

(iv) If I is equigenerated and not m-primary, the multiplicity of the Rees 
algebra of I and the multiplicity of the form ring of I. 

We describe all these computations by means of an explicit example. 

Example 6.1.9 Let us consider I C A = k[Xi, X 2 , X3, X4] the defining ideal 
of the twisted cubic in P 3 ,. Recall from Example 5.2.3 that the Rees algebra of 
/ is Cohen-Macaulay, and so a^(i?^(7)) = — 1. Moreover, I is an ideal of height 
2 generated by forms in degree 2. Then, according to Corollary 6.1.8 we can 
get the Hilbert polynomials of A/P for j > 3 from the Hilbert polynomials of 
/, I 2 and J 3 . By using CoCoa, we have 



By imposing eo(0) = 0, eo(l) = 3 and eo(2) = 9, we get the multiplicity 
function e (t) = §i(i + 1). Similarly, one gets ei(i) = §t(t + l)(t - |). Then 
the Hilbert polynomial of A/P is 



In this case A2 = 3, A3 = 10, so by Proposition 6.1.4 we have e3(i?) = 1, 



e 2 {R) = 2, ei(.R) = 1, e (R) = 0, and e 2 {G) = 0, ei(G) = 3, e (G) = 2. 
Therefore, the multiplicity of the Rees algebra is e(R) = Y^i = oei(R) = 4 and 



P A/I ( S ) =3s + l 
P A/l2 (s) = 9s-7 
P A/I s(s) = 18s - 34 




and the Hilbert polynomial of the Rees algebra R of I is 




the multiplicity of the form ring is e(G) = 2~Zi=o ^(^O = 5- 
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6.2 Hilbert series of the powers of an ideal 

Let A = k[X\, . . . ,X n ] be the polynomial ring over a field k in n variables. 
For any finitely generated graded A-module M, recall that the Hilbert series 
of M is defined as 

H M (s) =Y,H{M,j) S i = ^dimfcMjV G Z[[a]]. 

Following A. Conca and G. Valla [CV], for a given class C of homogeneous 
ideals in A, we say that C has rigid powers if for any ideals /, J in C such that 
Ha/i( s ) = Ha/j{s) then H A / I3 (s) = H A / J3 (s) for all j. For example, the class 
of complete intersection ideals has rigid powers. The class of the homogeneous 
ideals in A which are Cohen-Macaulay of codimension 2 and the class of the 
homogeneous ideals in A which are Gorenstein of codimension 3 do not have 
rigid powers, but their subclasses consisting of the ideals of linear type have 
this property as it has been proved in [CV]. 

Our first aim in this section is to show that for an equigenerated ideal I we 
can compute the Hilbert series of A/P for j > 1 from a finite set among these 
Hilbert series, and so we can also compute the bigraded Hilbert series of its 
Rees algebra. This fact will be a direct consequence of the noetherian property 
of the Rees algebra, and the finite set of Hilbert series will be found thanks to 
the bounds for the shifts of the bigraded minimal free resolution of the Rees 
algebra given by Theorem 1.3.4. In particular, we will have that if the Hilbert 
series of the powers of two ideals I, J coincide for certain exponents then all 
the Hilbert series of the powers of / and J must coincide. 

Theorem 6.2.1 Let I be an equigenerated homogeneous ideal. Set I = 1(1), 
c = oI(Ra(I)) ■ The Hilbert series of P for c + l<j<c + l determine the 
Hilbert series of P for j > c + l. 

Proof. Let us assume that I is generated by forms in degree d. Then we have 
that R = Ra(I) is a finitely generated bigraded S*-module in a natural way, 
for S = k[Xi, . . . , X n , Yi,...,Y{\ the polynomial ring with deg(Xi) = (1,0), 
deg(Yj) = (d, 1). Let Hji(s,t) be the bigraded Hilbert series of R, that is 



H R (s, t) = J2 dim fc R {itj) s¥ = ]T dim fe (/^ s¥ = ]T H u [s)tK 



HUBERT SERIES OF THE POWERS OF AN IDEAL 



128 



By considering the bigraded minimal free resolution of R as S'-module 
0-> D t ->...-> D -> R->0, 
D p = S(a,b), 



we can write 



H R (s,t) 



Q(s,t) 



(i - s) n {i - s d ty ' 

with Q(s,t) = Ep=o(-l) P E(a,6) G n p s- a t- b G Z[s,t]. Now let us fix a G Z> . 
Denoting by = dim fe Tor^(£:, I j ) a +dj, then 

E P ("1) P ^ = [(1 " s) n H I3 (s) } degs=a+dj 

= [(i-srH R ( S ,t)} , 

deg s = a + dj 

degt = j 



(i-s d ty 



dcg s = a + 

degt = j 



Let us write Q(s,t) = J2k m k sa+dk t k + Q(s,t), with Q(s,t) containing 
all the monomials of the type s P+ dk t k for any [3 / a and any fc. The pairs 
(—a — dk, —k) are shifts in the bigraded minimal free resolution of R as S'- 
module, so k < tl(R) = al(R) + I = ko by Theorem 1.3.4. Then we have that 
for any j > ko, 



deg s = a + dj 
degt = j 



= Pa(i). 

It is easy to prove that this equality holds for j > ko — I + 1 = a%(R) + 1. 
So we have found a polynomial -P Q (j) of degree < I — 1 such that P a (i) = 
£ p (— f° r an Y i > a 1(R) + 1- Hence the Hilbert series of the powers P 
for al(R) + 1 < j < a%(R) + I will determine the Hilbert series of P for any 
j>al(R) + l. □ 
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Corollary 6.2.2 Let I be an equigenerated homogeneous ideal whose Rees 
algebra is Cohen- Macaulay, and I = 1(1). Then the Hilbert series of I 3 for 
j < I — 1 determine the bigraded Hilbert series of the Rees algebra of I. 

Recent papers by A. M. Bigatti, A. Capani, G. Niesi and L. Robbiano 
[BCNR] and L. Robbiano and G. Valla [RV] treat the problem of computing 
the Hilbert series of the powers of a homogeneous ideal / in the polynomial 
ring A = k [X\ , . . . , X n ] . The strategy followed there to solve this problem is 
to compute the Rees algebra Ra{I) of / and then a Grobner basis of it, from 
which one can get easily the bigraded Hilbert series of the Rees algebra, and 
so the Hilbert series of all the powers of /. Notice that we can use Theorem 
6.2.1 to give another approach to this problem: To get the Hilbert series of 
the powers of an equigenerated ideal / it suffices to compute the Hilbert series 
of of its powers. Next we apply this procedure to the following example 
studied by A. Bigatti et al. [BCNR, Example 5.4]. 

Example 6.2.3 Let us consider the ideal / generated by the 2 by 2 minors 
of the generic symmetric 3 by 3 matrix 

^ Ai X2 A3 ^ 
M= A 2 A 4 A 5 . 
\ A 3 A 5 A 6 J 

The Rees algebra of / is Cohen-Macaulay, so al(R) = —1. Therefore, the 
Hilbert series of P for j < 5 will determine the rest of the Hilbert series. By 
using CoCoa, we obtain: 



Hj(s) = 
H T 2 (s) 



6s 2 -8s 3 +3s 4 
21s 4 -45s 5 +38s 6 -18s 7 +6s 8 -s 9 



tt / \ _ 56s 6 -150s 7 +165s 8 -100s 9 +36s 1 "-6s 11 

ttr-s(s) , 

Hn(s) = 12fo8 - 385;;9 + 48fol0 - 330;ill + 125sl2 - 21gJ 



(i-*) b 

tt ( a \ _ 252s 10 -840s 11 +1155s 12 -840s 13 +330s 14 +56s 15 

UrA s ) (wp • 

Then the polynomials P a (j) defined in the proof of Theorem 6.2.1 are 

P a (j) =0fara^0,...,5, 
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P^ (i\ — 


7 a 83 -2 
4 J 2 4- / 


53„-3 
24^ 


_ 13„-4 1 -5 
24-' 24-' 


P2(j) = 


-Ij + ¥ 2 j 2 


+ ^7 3 


^ 12 -» ^ 12J 


PsU) = 


Ij + If - 


13„-3 
12J 


3„-4 1 .-5 
4-1 \2J ' 


Pa{3) = 


~\j - ^i 2 


+ ii 3 


+ 2l-?' 4 + 2l-? 5 


W) = 


20 i + 24J 2 ■ 


~ 24J 3 ■ 


_ J_ 7 4 _ J_ ? -5 
24-' 120-/ 



and the Hilbert series of P is 

PoU> 2j + A(j> 2j+1 + P 2 Q> 2J+2 + Ps(j)s 2 ^ 3 + P 4 (j> 2j+4 + P 5 (j> 2j+5 

(1- S )6 

Next we also compute the Hilbert series of the powers of the ideal of the 
twisted cubic in P| studied in the previous section. 

Example 6.2.4 Let I C A = k[X\, X2, X%, X4] be the defining ideal of the 
twisted cubic in P|. From Example 5.2.3, let us recall that / is generated 
by quadrics with 1(1) = fi(I) = 3 and Ra(P) is Cohen-Macaulay. Therefore, 
according to Theorem 6.2.1, we can get the Hilbert series of P for j > 2 from 
the Hilbert series of / and I 2 . By using CoCoa, we have 



3s 2 -2s'' 
(l-«) 4 



Up(S) - (l_ s )4 • 

Then the polynomials P a (j) defined in the proof of Theorem 6.2.1 are 
P a (j)=0, for a + 0,1, 2 , 
Pot7) = ^(j + l)t?+2), 

Pi(j) = -i(i + i) , 

^(j) = ij(j-l), 

and the Hilbert series of I- 7 is then 

Po(i)^+Pi(i)^ +1 + P 2 (j> 2 ^+ 2 

n»{8) = ^4 • 

Now, the bigraded Hilbert series of its Rees algebra is 

H R (s,t) = Y,H I3 {sW = { lZ%l + _ S s l tr 
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Remark 6.2.5 Similarly we can prove the following statement for the Hilbert 
series of the form ring of an equigenerated ideal /: If I = 1(1) and e = 
a *(Gvi(-0), then the Hilbert series of P/P+ 1 for e + 1 < j < e + / deter- 
mine the Hilbert series of P /P +1 for j > e + I. In fact, for any a > e the 
Hilbert series of P /P +l for a + 1 < j < a + l determine the rest. 

For any m > 0, let us define C m to be the class of equigenerated homoge- 
neous ideals I in A such that cl1(Ga(I)) +1(1) < m- Note that Co contains 
the class of complete intersection ideals, and we have the chain 

Co C C\ C • • • C C m C C m+ i C ■ ■ ■ 

As a corollary, we get 

Corollary 6.2.6 Let I,Je C m be such that 

H Ij / I j+i(s) = Hjj/jj+i(s), for m - I + 1 < j < m. 

Then H I j/ I j+i(s) = H Jj / Jj +i(s), Mj. Therefore H I3 (s) = Hjj(s), for all j, 
and in particular Co has rigid powers. 

For an arbitrary homogeneous ideal / in A, we can also show that a finite 
set of Hilbert series of the powers of / determine the rest. But in this case, 
the bound we get is worse. 

Proposition 6.2.7 Let I be a homogeneous ideal in A. Set r = fi(I), c = 
o%(Ra(I))- The Hilbert series of P for j <c + r determine the Hilbert series 
of P for j > c + r. 

Proof. Assume that / is minimally generated by forms fi,...,f r of degrees 
di, . . . , d r respectively. Then let us consider the presentation of the Rees alge- 
bra R of / as a quotient of the polynomial ring S = k [Xi , . . . , X n , Y\ , . . . , Y r ] , 
with deg(Xi) = (1,0), deg(Yj) = (dj, 1). From the bigraded minimal free res- 
olution of R as S'-module, we have that there is a polynomial Q(s,t) G Z[s,t] 
such that 
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According to Theorem 1.3.4 we can write Q(s,t) = J2iLoQi( s )t\ with 
m = a1(R) + r. Since Hji(s,t) = J2j>o Hp ( S W i we nave 

Q(s, t) = (1 - S )»(l - s d H) ... (1 - ffy 

i>o 

and then the result follows immediately. □ 

6.3 Minimal graded free resolutions of the powers 
of an ideal 

The results about the Hilbert series of the powers of a homogeneous ideal 
imply in some particular cases the estability (in a meaning which we will 
precise immediately) of the minimal graded free resolutions of the powers of 
the ideal. For instance, 

Proposition 6.3.1 Let I be an ideal generated in degree d with 1(1) = 2 whose 
Rees algebra is Cohen- Macaulay. Then the minimal graded free resolution of 
I determines the minimal graded free resolutions of all its powers. Namely, if 
the minimal graded free resolution of I is 

-► A{-ai - df 1 © ... © A(-a m - df m -» A(-df -^7^0, 

then for any j > 1 the minimal graded free resolution of P is 

A(- ai - djf lj © ... © A(-a m - djf mj A(-dj)V > - r > j+1 -► P -»• 0. 

Proof. First, note that for any j > 1 we have that proj.dim^-P < 1(1) — 2 = 
1 because R is Cohen-Macaulay (see Proposition 6.3.2). Therefore, we can 
conclude that proj.dim j4 7 J = 1 for any j. On the other hand, since R is Cohen- 
Macaulay, we have al(R) = —1, so the Hilbert series of P for j < I — 1 = 1 
determine the Hilbert series of P for j > 1 according to Theorem 6.2.1. The 
polynomials P a (j) defined there are 

P a (j) = 0, for a £ {0, <*!,... , a m }, 

P (j) = ([3-l)j + l, 

P ai CO = ~Pi j, for i € {0, . . . , m}. 



Then the Hilbert series of P is 
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fl I3 {!>) — (1-s)" ' 

so the minimal graded free resolution of P must be 

->■ A(-ai-d/)- p °i^ © . . .®A{-tt m -dj)- Pa ™ {j) A(-dj) Po( - j) P -► 0. 
□ 

This result leads to the question of when a finite number of minimal graded 
free resolutions of the powers of I determine the rest (and, in this case, which 
set of resolutions determine the others). 

Let us begin by studying the behaviour of the projective dimension of the 
powers of I. It is well-known that these projective dimensions are asymptoti- 
cally constant (see [Bro, Theorem 2]), but not for which powers of the ideal the 
projective dimension takes the asymptotic value. We will precise these powers 
for ideals whose form ring is Gorenstein by considering the Koszul homology 
of the Rees algebra R of I with respect to X±, . . . ,X n . This also provides 
new proofs of well-known results as the Burch's inequality or the constant 
asymptotic value for the depth. 

Proposition 6.3.2 Let I be a homogeneous ideal in A, and set I = 1(1). 
Then: 

(i) proj.dim^(J- 7 ) < n — depth/ m m(i?) for all j, and the equality holds for 
j > 0. So, infj>o{depth(A//J)} = n - I - (ht (mi?) - depth (mR) (#)). 

(ii) If R is Cohen- Macaulay, proj.dim A (P) < / — 1 for any j and 
proj.dim j 4(.P) =1 — 1 for j 3> 0. Furthermore, proj.dim j 4(/- ? ) = 1 — 1 
implies proj.dim j 4(I J+1 ) =1 — 1. 

(Hi) If G is Gorenstein, proj.dim^P = 1 — 1 if and only if j > a?(G) — a(F), 
and proj.dim y!l .Py.P +1 = I if and only if j > a?(G) — a(F). 

Proof. Let us consider the Koszul complex K.(X_, R) = K.(X\, . . . , X n , R) 
of the Rees algebra R with respect to X = X±, . . . , X n . We have the natural 
bigrading in the Rees algebra R by means of Ruj) = (P)i, and then the 
modules K P (X_,R) of the Koszul complex are also bigraded in a natural way. 
Denoting by F = F m (I) , we have that for any p the Koszul homology module 
Hp = Hp(2£;R) is a finitely generated bigraded F- module. Moreover, since 
Kp(2L,R)(ij) = K p (X,P)i we have 

HH(X,R) {iJ) = H${X,P)i = Toip(k,P)i , 
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so the Koszul homology modules H p contain all the information about the 
graded minimal free resolutions of the powers of /. 

Now set s = n— depth( m m (i?) . Recall that H p is zero for any p > s, and so 
proj.dim^.F) < s for any j. Moreover, since H s is a F- module of dimension 
I [Hu2, Remark 1.5] we can find for any j > an integer i (depending on 
j) such that [H s ]uj\ / 0. Therefore we obtain that proj.dim^(/- 7 ) = s for 
j S> 0. By the graded Auslander-Buchsbaum formula, proj.dim j 4(/ J ) = n — 
depth A/P — 1, and noting that depth( mR ) (R) < ht(mi?) = n + 1 — / we get 

(<)• 

To prove (ii), let us denote by t = depth^^ (R) = n + 1 — I. We may 
assume that k is infinite, and then there exists a homogeneous regular sequence 
bi,...,bt € mR of degree (1,0). Then 

_ (^...A):^,...^) 

Hs ~ (h^A) (t " n ' 0) - 

Note that s = I — 1 because R is CM. Now, observe that proj.dim j4 (7 J ) = 
I — 1 implies that there exists % such that [H s ]^j^ / 0; so let us take / € 
[i7 s ](jj),/ / 0. For a positively graded ring A = - >OJ 4j, let us denote by 

= - >o A,, and in the following let us consider the fiber cone F and the 
Rees algebra R graded by means of Fj = P /mP , Rj = P. If F+f = 0, then 
jmj c (bi, . . . , 6*) for any m > 1. So, denoting by i? = R/(bi, . . . ,bt), we 
have that C Ann(/) C p G Ass (^R) and so ht(#+) = 0. But ht(R + ) = 
dimi? — dimi?/i? + = 1. As a consequence, (F + )if ^ and so there exists d 
such that [H s ] and we have (ii). 

Finally, we are going to determine the powers of I whose projective dimen- 
sion is I— 1 if G is Gorenstein. To this end, let us consider the Koszul homology 
modules of the form ring G with respect to A, which will be also denoted by 
H p . Set s = n — depth( mG ) (G) = I, t = depth( mG )(G). As before, H p is zero 
for p > s and there exists a homogeneous regular sequence b\, . . . ,bt £ mG of 
degree (1,0), such that 

_ (6 1 ,...,b t ):(X 1 ,...,X ra ) 

Hl ~ (h^A) (t " n ' 0) - 

On the other hand, from the natural bigraded epimorphism G — > G/mG = F, 
we can compute the canonical module of the fiber cone F by using Corollary 
1.2.2 : 

K F = Ex$f l {F,K G ). 



MINIMAL RESOLUTIONS OF THE POWERS OF AN IDEAL 



135 



Since G is Gorenstein, we have a bigraded isomorphism Kq = G(—n, a) with 
a = a 2 (G) by Corollary 4.1.7. Therefore, 

K F = Extgr'fF. G)(-n, a) 

= Som G (F, G/(b u . . . , b t ))(-n + t, a) 

_ (bi,...,b t ):(Xi,...,X n ) ( , j. \ 

= Hi(0,a). 

Now, observe that proj.dim_ 1 4(.P/J J ' +1 ) = I if and only if there exists i such 
that [Hi]^ 7^ if and only if there exists i such that [^^(ij-a) 7^ 0, that is, 
j > a — a(F). From the exact sequences 

o -► i j+1 p -»• o , 

it is then easy to check that pToj.dim A (P) = I — 1 if and only if j > a — a(F), 
and so we are done.D 

Example 6.3.3 Let / be a strongly Cohen-Macaulay ideal such that n(I p ) < 
ht (p) for any prime ideal p D I. Set / = 1(1), h =ht(7). Recall from Corollary 
5.2.11 that G A (I) is Gorenstein, a 2 (G A (I)) = -h and a(F m (I)) = -I. So, by 
Proposition 6.3.2 we have depth(A/P ) = n — I if and only if j > I — h. 

Example 6.3.4 Let X = (Xij) be a generic matrix, with l<i<d,l<j< 
n and d <n. Let I C A = k[X] be the ideal generated by the maximal minors 
of X. Recall from Example 5.2.10 that the Rees algebra R is Cohen-Macaulay 
and the form ring G is Gorenstein with a 2 (G) = — ht (I) = — (n — d + 1). 
Furthermore, /(/) = <i(n — d) + 1 and a(F) = —n. Now by Proposition 6.3.2, 
we get that depth( J 4/ P) = d 2 — I if and only if j > d— 1. In the case n = d+ 1, 
this was proved in [BV, Example 9.27]. 

Example 6.3.5 Let X = (X^) be a generic skew-symmetric matrix, with 
1 < i < j < n, and n odd. Let I C A = k[X] be the ideal generated by 
the (n — l)-pfafflans of X, where A; is a field. In this case, the form ring G is 
Gorenstein [CD] and 1(1) = n, a(F m (I)) = -n [Hu3]. So depth(A/P) takes 
the asymptotic value n( - n ~^ — n f or some j < n, and by Proposition 6.3.2 for 
all j > n. 

G. Both and R. Sanchez [BoSa] have constructed a family of complexes 
which give a resolution for all the powers P , for j > 1, in particular proving 
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that pro j. dim A (A/P) = n if and only if j > n — 2. Then Proposition 6.3.2 
shows that a 2 (G A {I)) = -3. 

Our next aim is to study the graded minimal free resolutions of the powers 
of an equigenerated ideal by doing a deeper study of the Koszul homology of 
the Rees algebra with respect to X±, . . . , X n . The general case will be studied 
later by different methods. 

6.3.1 Case study : Equigenerated ideals 

First of all, we show that the shifts in the graded minimal free resolutions of the 
powers of an equigenerated ideal are given by linear functions asymptotically 
and the graded Betti numbers of these resolutions are given by polynomials 
asymptotically. 

Proposition 6.3.6 Let I be an ideal generated by forms in degree d. Set 
I = 1(1), s = n — depth( mR )(i?). Then there is a finite set of integers 

{ctpi \ < p < s, 1 < i < k p } 

and polynomials of degree < I — 1 

{Qajj) \ 0<p<S,l<i<k p } 

such that the graded minimal free resolution of P for j large enough is 

" -IK •••• •/•'' 

with D 3 p = 0i A(-a pi - djfU and (i j pi = Q api (j). 

Proof. Let us consider again the Koszul homology of the Rees algebra R of 
I with respect to X = Xi, . . . , X n , and let us denote by F = J>O P /mP the 
fiber cone of / and by F + = ©j >0 P /mP . For every p < s, H p = H p (2£_; R) 
is a finitely generated bigraded F-module. Let g be a homogeneous generator 
of Hp with deg(<7) = (a, b), and set a = a — db. If C rad (Ann (g)), there 
exists j such that Fig = 0, and so Fjg = for all j S> 0. Otherwise, there 
exists a homogeneous element / G F of degree d such that / rad (Ann (g) ) . 
Then f 3 g ^ for all j, and so we have [H p ] ( a +<ft,j) f° r an 3 ^ 0- Let 
<7i, ... ,g m be the homogeneous generators of H p with this property, and set 
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deg(<7j) = (aj,6j), «j = aj — dbi. Then, for j large enough we have that 
[i7p]( aj -) 7^ if, and only if, there exists i G {1, . . . , m} such that a = ai + dj. 
Since [Hp\[ ai +dj,j) = Tor^ (A;, P) ai+ dj, we obtain that + dj, for 1 < i < m, 
are the only shifts in the place p of the graded minimal free resolution of P 
for j > 0. 

For q G {ai, . . . , a m }, let us define if^ = 0^ [.Hp] ( a +dj ,j) ■ Notice that 
dimi^ < dim H p = I by [Hu2, Remark 1.5]. Since is a finitely generated 
graded F-module, there exists a polynomial Q a (j) of degree dim — 1 < / — 1 
such that for j large enough 

Q a (j) = dim k [H*}j = dim k Tor£(k,P) a+dj , 

so Qa(j) is the Betti number of P corresponding to a + dj in the place p. □ 

Example 6.3.7 Let / be a Cohen-Macaulay homogeneous ideal of codimen- 
sion two in the polynomial ring A = k[X\, . . . , X n ] such that: 

(i) The entries of the Hilbert-Burch matrix of / are linear forms. 

(ii) / verifies G n . 

(iii) fi(I) < n. 

This example has been studied by A. Conca and G. Valla in [CV]. Set 
r = /x(J), d = r-l,S = A\Yi, . . . , Y r ]. Then 

R A (I)^Sym A (I)^S/(F 1 ,...,F r _ 1 ), 

with Fi,..., F r _i a regular sequence of degree (d, 1). So the Koszul complex 
of S with respect to Fi, . . . , F r _i gives the bigraded minimal free resolution of 
Ra{I)- From this resolution one can get the minimal graded free resolutions 
of P, for all j > 0. Namely, proj.dirn^P) = min{j, r — 1} and the minimal 
free resolution of P is 

- D{_ x D J —> P —> , 

with d{,=a(-p- djfi , pi = f; 1 ) nzr 1 ) ■ 

Remark 6.3.8 Let (^4,m, h) be a noetherian local ring, and let I C A be an 
ideal. Set I = 1(1), r = /u(J). Denote by R the Rees algebra of / graded by 
Rj = P , and let S = A[Y\, . . . , Y r ] be a polynomial ring over A with deg = 1 
so that R is a finitely generated graded S'-module. As above, we can prove 
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that there are polynomials Q p (j) of degree < I — 1, the Hilbert polynomials of 
Tor^S/mS", R), such that the minimal free resolutions of P for j>0 are 

. . . _> ^Qp(i) aQoO) _> p _^ o. 

This result was proved by V. Kodiyalam in [Kol]. If A is regular, let s be a 
regular sequence generating m. Since Tor ^ (S/mS, R) = H p (x,R), the module 
Tor p(k, R) has dimension / if it is not zero. Therefore, the polynomial Q p (j) 
has degree Z — 1 if Q p (j) / 0. This answers affirmatively [Kol, Question 13] 
for any regular ring A. 

Observe that Proposition 6.3.6 says that we can compute the graded min- 
imal free resolution of any power of an equigenerated ideal from a finite set 
among these resolutions. Now we consider the problem of determining this 
finite set of resolutions. To begin with, let us study the asymptotic shifts of 
Proposition 6.3.6. 

Lemma 6.3.9 Let I be a homogeneous ideal generated in degree d and let 
R = R A (I). Then 

(i) For all p and i, there exists (a, b) £ ^ Pi _r such that a p i = db — a. 

(ii) For each a, let 

p = min { q \ 3bs.t. (a + db, b) £ Qq,n}, 

and let 

bo = max{ b | (a + db, b) £ £I p> r}- 

Then a + dbo £ £l p j-b , that is, a + dbo is a shift that appears in the 
graded minimal free resolution of I~ b ° at the place p. 

Proof. Let — > D m Dq — > R — > be the bigraded minimal free 

resolution of R over S = k[X±, . . . , X n , Y±, . . . , Y{\. By applying the functor 
( ) 3 to this resolution, we get a graded free resolution of P over A 

^ Di, -+ . . . -+ Di^ P ^ , 

with D 3 p = (B(a : b)en pR — db — dj)^, for some p J ab £ Z. This resolution 
is the direct sum of the minimal graded free resolution of P and the trivial 
complex [Eis, Exercise 20.1], so we obtain that for j >0 

{a pi + dj} Pji C {db - a + dj | (a, b) £ Q p ,r}, 
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and so (i) is already shown. 

Now let a be such that there exists b with (a + db, b) G Or. Let p be the 
first integer such that (a + db, b) G Q p ,r, and let bo be the maximum of these 
6's. We must show that 

Tor$(S/mS,R) { _ a _ dbfh _ bo) = Tor£(k,r b «)_ a _ db{) + 0. 

We will proceed as in Theorem 5.1.1: Let 

be the differential maps appearing in the resolution of R. Tensorazing by 
®sS/mS, we have the sequence 

D p+1 /mD p+1 Dp/mDp D p _i/m£)p_i. 

Now let f G -Dp be an element of the homogeneous basis of D p as free S'-module 
with deg(v) = (— a — dbo, —bo). If w\, . . . , w s is the basis of D p -±, we can write 

s 

3=1 

with Aj G .M homogeneous. Set deg(u>j) = (—aj — dbj,—bj). By looking at 
the degree of the elements, we have that Xj must be zero for all j such that 
— bj > —bo. For the integers j such that — bj = —bo, we have that Aj G mS 
necessarily. Finally, for j such that — bj < — bo we also have Aj G mS because 
Qj q. We may conclude ip p (v) = 0, that is, v G Kerip p . It is clear that 
v G" Im^p+i because Im C -ML> P . Sod e Tor^S/mS, L)(_ a _ dbo _ bo) , 

jj^O and we are done. □ 

As a consequence of this lemma we have that all the differences a — db for 
(a, b) G Qr appear in the minimal graded free resolution of some power P of 
I for j < a 2 (R) + 1(1). The problem is to distinguish which of these shifts will 
appear asymptotically, and the place from where on the resolutions are stable. 
We can solve this problem for ideals with a very particular nice behaviour. 
For instance, we get 

Proposition 6.3.10 Let I be an equigenerated homogeneous ideal, and set 
b = o%(Ra(I)) + V the graded minimal free resolutions of I, I 2 , . . . , I b 

are linear, then the graded minimal free resolutions of I 3 are also linear for 
any j. Furthermore, the minimal free resolutions of I , I 2 , . . . , I b determine the 
minimal graded free resolutions of P for any j. 
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Proof. Assume that / is generated by forms in degree d and set s = 
sup J=1) ^{proj.dim^P}. According to Lemma 6.3.9, we have that the shifts 
in are of the type (p + db, b) with < p < s. Furthermore, there exists 
bo such that (p + dbo,bo) 6 Q p< R, but for any b, q < p, (p + db,b) Q q ,R- 
Therefore, £l Pt R has only shifts of the form (a + db, b) for < a < p. Again by 
Lemma 6.3.9, we get 

{a pi }i C {0, . . . ,p}. 

Finally, since min{ —f3 : (3 G ^ p +i p'} > min{ —f3 : (3 G £l pI j}, we have that 
min{ — P : (3 G Q p jj} > p + dj. Therefore P must have a linear minimal free 
resolution. 

Moreover, by Theorem 6.2.1 we also have that for p = 0, . . . , s there exists 
a polynomial Q p (j) of degree < I — 1 such that 

= dim fc Tor p(k,I J ) p +dj , 

for j > al(R) + 1. So, if we know the minimal graded free resolutions of 
, we may determine the polynomials Q p (j), and then the minimal 
graded free resolution of P for j > b. □ 

Remark 6.3.11 The first part of Proposition 6.3.10 can be also obtained 
from Theorem 5.2.1 (ii). 

Remark 6.3.12 Given an equigenerated homogeneous ideal / with a linear 
minimal free resolution, it can happen that I 2 has a non linear minimal free 
resolution (see [Con, Remark 3]). We have shown in Proposition 6.3.10 that 
if certain powers of / have linear resolution, then the rest of the powers have 
this property too. 

We may apply this result to guess the minimal graded free resolutions of 
the powers of the ideal defining the twisted cubic in P|. 

Example 6.3.13 Let / C A = k [Xi , X 2 , X 3 , A 4 ] be the defining ideal of 
the twisted cubic in P|, and let us study the graded minimal free resolutions 
of its powers. / is generated by forms in degree 2 with 1(1) = 3 and b = 
al(R) + l(I) = 2. The minimal resolutions of / and I 2 (computed with CoCoa) 
are: 

-► A(-3) 2 -► A{-2f — > I — ► , 
A(-6) -► ^(-5) 6 A(-Af -> I 2 -> . 
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Since these resolutions are linear, we have that the minimal graded free res- 
olutions of P for j > 2 are also linear by Proposition 6.3.10, and we may 
compute them: 

A{-2 - 2jf 2 ^ A(-l - 2j) Ql ^ -► A(-2j) Q °W> -> P -> , 
with Q (j) = i(j + l)(j + 2), Q 1 (j) = j(j + 1) and Q 2 (j) = - 1). 

Similarly, one can prove the following statement. 

Proposition 6.3.14 Let I be an ideal generated in degree d, and set b = 
(i*(Ra{I)) + 1(1)- Assume that there are integers a±,...,a s such that the 
graded minimal free resolutions of I , I 2 , . . . , I b take the form 

0-i>J-...-£>J-Z>g - P - 0, 

with = A(—a p —dj) l3 p and (3 3 p > 0. Then the graded minimal free resolutions 
of P are of this type too. Furthermore, the minimal graded free resolutions of 
I, I 2 , ■ ■ ■ ,I b determine the minimal graded free resolutions of P for any j. 

The following example does not belong to the family of ideals considered 
in the previous propositions, but we can also guess the asymptotic resolution 
of its powers. 

Example 6.3.15 Let / = (X 7 , Y 7 , X e Y + X 2 Y 5 ) C A = k[X,Y]. Note that 
/ is a m-primary ideal generated by forms of degree 7 with 1(1) = 2. Since 
proj.dim^P = 1 for any j > 1, we have that the shifts in the place and 1 
of the resolution of P can not coincide. Then, according to Theorem 6.2.1 we 
have that for any a/0 there is a polynomial P a (j) of degree < 1 such that 

P a (j) = dim k Tor f(k, P) a+dj , 

for all j >a*(R) + l. 

This example was studied by S. Huckaba and T. Mar ley [HM, Exam- 
ple 3.13]. Denoting by C++ = ® j>0 P/I j+1 and by a t (G) = max{j | 
H l G++ (G)j / 0}, it was proved that the form ring G has depth 0, and 
Qq(G) < Oi(G) < 03(G) = 4. Now a 2 (G) = max{a i (G) : i = 0,1,2} = 4 
according to [Hy, Lemma 2.3], and then the short exact sequences 

-► R ++ -»• R -► A -► 0, 
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0-»-R++(l) -^R^G^O, 

where R++ = © J>0 ft, show a%(R) = 4. The graded minimal free resolutions 
of I 5 and I 6 (computed with CoCoa) are : 

-► A(-37) 15 © ,4(-36) 5 -► A(-35) 21 -► / 5 -► , 

,4(-44) 15 © ,4(-43) 12 -► A(-42) 28 J 6 , 

Then we may compute the polynomials P a (j), so the graded minimal free 
resolutions of ft for j > 5 are: 

A(-2 - 7j) 15 © - 7j) 7j - 30 A(-7i) 7j - 14 JJ . 

Furthermore, in this case we check that the bound can not be improved 
because the resolution of I 4 is 

A(-30) 14 A(-28) 15 / 4 . 

Open Question Let I be a homogeneous ideal generated by forms in degree 
d. Denote by I = 1(1), s = n — depth/ m m(i?), c = a 2 (i?). By Proposition 6.3.6, 
there are integers {a p i} and polynomials {Qa pi (j)} of degree < I — 1 such that 
for j >0 the graded minimal free resolution of I- 7 is 

0_D2_..._Dg_i3_o, 

with = 0j^4(— a p j — dj) p* and = Qa pi (j)- In some particular cases, 
we have shown that this holds for j > c + 1. The question is if this bound 
holds for any equigenerated ideal I. 

6.3.2 General case 

We may also study the minimal graded free resolutions of the powers of any 
arbitrary homogeneous ideal in the polynomial ring although in this case the 
asymptotic result is not so nice. Our approach will be based on a detailed study 
of the proof of [CHT, Theorem 3.4]. We need to introduce some notation. 

Let I be a homogeneous ideal in A generated by r forms of degrees 
d\, . . . , d r . Let us consider S = k[X\, . . . , X n ,Y\, . . . , Y r ] the polynomial ring 
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with degXi = (1,0), degY? = (dj,l), and let S2 = k[Y\, . . . ,Y r ]. For any 
finitely generated bigraded module L over S2, let us define the set 

S L (j) = {i : L (iJ) + 0}. 

Given c = (c±, . . . , c r ) G N r , let us denote by v(c) = d\C\ + . . . + d r c r and by 
\ c\= c\ + . . . + Cp. Given a set C C N r , C + N r denotes the set of points of 
N r of the type c + d with c G C, d G N r . Then we have: 

Lemma 6.3.16 Lei L be a finitely generated bigraded S2-module. Then there 
are pairs (aj,/3j) G Z 2 and /mite subsets Cj of W , 1 < i < m, such that for 
any j 

= UMs) + <*i--c#C i +tf r ,\c\=j- pi}. 

i 

Therefore, 

m 

dim fc L {hj) = #{c G N r : c Q + N r , | c |= J - A, u(c) = Z - a;}. 
i=i 

Proof. As said, the proof is based on [CHT, Theorem 3.4]. Given any 
finitely generated bigraded S^-module L, there exists a sequence of bigraded 
submodules 

= Lq C L\ C . . . C L m -i C L m = L 

of L such that Mj = Lj/Lj_i = 52/pj(— a«, —/?«)> 1 < i < m, with pj homoge- 
neous prime ideals in 5 2 . Note that <5 L (j) = Uj ^M, (j) = U ^5 2 /p< U ~ A) + a *' 
and so we can assume that L is cyclic. 

Now let L = S2/J, with J C S2 a homogeneous ideal. By fixing a term 
order < in S2, then L has a /c-basis consisting of the classes of the monomials 
which do not belong to the initial ideal in(J) of J. So we get 6s 2 /j(j) = 
^5 2 /in(j)0)) an d we may assume J is a monomial ideal. 

Let us write J = (Yf 11 • • • . . . , Y^ pl • • • Y r Cpr ), and Qi = (cu, . . . , c ir ) for 
1 < i < p. For any c G N r , note that Yf 1 ■ ■ ■ Yf r G J if and only if there exists i 
such that c = Cj + c', for some c' G Pf , i.e. cG C + N r , where C = {c 1 , . . . ,c p }. 
Therefore 

S L (j) = {v(c):c?C + N r ,\c\=j}, 

and we are done.D 

Now we can show the asymptotic minimal graded free resolution of the 
powers of an arbitrary homogeneous ideal I. 
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Proposition 6.3.17 Let I be a homogeneous ideal in the polynomial ring A = 
k[Xi, . . . , X n ] minimally generated by forms fi, . . . , f r of degrees d\, . . . , d r . 
Then there are pairs (a p i, j3 p i) € I? and sets C p i C N r , for < p < s, < i < 
k p , such that for j large enough the graded minimal free resolution of P is 

0-£>2-...-I>g-J'-0, 

with D 3 p = ic A(— a p i — v(c)), for a p i and c such that c C p i + N r and 

\c\=j - fipi. 

Proof. Let us consider the Koszul homology modules H p = H p (2£, R) of the 
Rees algebra R with respect to X±, . . . ,X n . For any p, H p is a finitely gen- 
erated bigraded S^-module with [H p \u^ = Tor p (k, P)i. By Lemma 6.3.16, 
there exist (a p i,/3 p i) G I? and sets C p i C N r such that 

$H p (j) = [j{v(c) + a pi :c£ C pi + N r , | c |= j - P pi }, 

i 

so we get the statement. □ 

Similarly to the equigenerated case, we can also prove that the rank of 
the modules of the graded minimal free resolution of the powers of an ideal 
behaves as a polynomial. 

Proposition 6.3.18 Let I be a homogeneous ideal of the polynomial ring A = 
k[X±, . . . , X n ] minimally generated by forms fi,...,f r of degrees di, . . . ,d r , 
and set I = 1(1). For any pair (a, (3) and set C in the previous proposition, 
there exists a polynomial Q(j) of degree < I — 1 such that for any j > 

Q{j) = #{c:c^C + N r ,| c\=j-(3} . 

Proof. Let J be the homogeneous ideal of S2 generated by the monomials 
Y 1 Cl ---Y r Cr with c = (ci,...,c r ) G C. Then, denoting by Q(j) the Hilbert 
polynomial of the graded SVmodule L = S2/ J{— 0), we have that for j 3> 

Q(j) = dim k (S 2 /J)j-f, 

= #{c:c?C + N r ,\c\=j-P}. 

On the other hand, since H p is a finitely generated graded F-module of 
dimension < I, there exists a polynomial P(j) of degree < I — 1 such that 
P(j) = dim*[flpp' = dim fc ToTp(k,P) for j » 0. Since Q(j) < P(j) for 
j S> 0, we immediately get that degQ(j) < I — 1. □ 
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Remark 6.3.19 Given a homogeneous ideal I in the polynomial ring A gen- 
erated by r forms of degree d, we considered its Rees algebra R with a natural 
bigrading. By defining S = k[X\, . . . , X n , Y\, . . . , Y r ] the polynomial ring with 
the bigrading degXi = (1,0), degYj = (d, 1), R is a bigraded finite S- module 
in a natural way. Now let E be any bigraded finitely generated S'-module, and 
let consider the graded A-modules E^ = (BiE^jy By taking E instead of R, 
we can get analogous results for the asymptotic behaviour of the A-modules 
E'i . In particular, by considering E to be the form ring G of J, the integral 
clousure of the Rees algebra R = ■ V or the symmetric algebra Sym^(I) of 
I we have the asymptotic behaviour of P /P +1 , V and Synij(J). 
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